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1 Introduction 

Jones initiated tlie modern tlieory of subfactors in [Jon83]. Given a finite index 
//i-subfactor Aq C Ai, he used tlie basic construction to obtain the Jones tower 
{An)n>o, obtained iteratively by adding the Jones projections (e„)„>i which satisfy 
the Temperley-Lieb relations. Jones used this structure to show the index hes in 
the range {4cos^(7r/n)|n > 3} U [4, oo), and he found an example for each value. 

Much initial subfactor research classified hyperfinite subfactors of small index 
{[Ai: Ao] < 4) by studying the standard invariant , i.e., the two towers of higher 
relative commutants {A'^ H 74j)j=o,i;i>o [Ocn88, GdlHJ89, Izu91, Pop94]. This com- 
binatorial data was axiomatized in three slightly different structures: paragroups 
[Ocn88], A-lattices [Pop95], and planar algebras [Jon99]. When combined, these 
viewpoints produce strong results, e.g., standard invariants with index in (4,5) 
are completely classified, excluding the A^o standard invariant at each index value 
[Pop93] (see [MSll, MPPSll, IJMSll, PTll] for more details). 

Some finite index results generalize to infinite index subfactors, such as discrete, 
irreducible, "depth 2" subfactors correspond to outer (cocylce) actions of Kac al- 
gebras [H089, EN96], and the classical Galois correspondence still holds for outer 
actions of infinite discrete groups and minimal actions of compact groups [ILP98]. 

In his Ph.D. thesis [Bur03], Burns studied rotations and extremality for infinite 
index, since the key to isotopy invariance of Jones' planar calculus in [Jon99] is the 
rotation operator (also known to Ocneanu). Burns' essential observation for finite 
index was that the centralizer algebras A'q (1 An coincide with the central L^- vectors: 

A'q n L^(A„) = {C e L^{An)\aC = (a for all a E Aq} . 
Burns found an elegant formula for the rotation on P„ _|_ = A^ fl <S>^o L'^i^i)'- 

p = ^ LpR} 

where {/?} is a Pimsner-Popa basis for Ai over Aq, Lp is the left creation operator, 
and R*i^ is the right annihilation operator (see Definition 2.4). This approach was 
generalized in [JPll] to define a canonical planar *-algebra associated to a strongly 
Markov inclusion of finite von Neumann algebras. Burns adapted his formula to 
infinite index, and he showed existence of the rotation on the central L^-vectors is 
equivalent to approximate extremality of the subfactor. 

In infinite index, A'q fl An and A'q fl L^(y4„) do not coincide. One naturally asks: 

Question 1.1. What is a suitable standard invariant for infinite index subfactors? 

A definitive answer to Question 1.1 is not yet known. On one hand, we have 
the two towers of centralizer algebras {A'^ fl ^j)i=o,i;j>o in which we can multiply 
(the shift isomorphisms A[ fl A^ = A^^^ ^ still hold by [EN96]). On the other 
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hand, we have the central L^-vectors on which we have Burns' rotation (in the 
approximately extremal case) and graded multiplication in the sense of [GJSIO] 
(tensoring of central vectors). However, the operator valued weights which replace 
the conditional expectations do not preserve these spaces and may not be well- 
defined. All this structure is necessary for a good planar calculus. We ask: 

Question 1.2. What is the strongest planar calculus we can define for infinite index 
subf actors ? 

In this paper, we propose an answer to Question 1.2 using both centralizer 
algebras and central L^-vectors. We do so in more generality, starting with a bi- 
module aHa over a J/i-factor A (one recovers the subfactor case when A = Aq and 
H = L2(Ai)). First, we set ff" = (^"^H, Qn = A' n {A°p)' n B{H'') (the cen- 
tralizer algebras), and P„ = A' fl = {C G H"'\a( = Qa for all a G A} (the central 
L^- vectors). As mentioned above, the P^i's naturally form a graded algebra P, in 
the sense of [GJSIO] under relative tensor product. We represent central vectors in 
Pn as in [GJSIO] by boxes with n strings emanating from the top, and we denote 
graded multiplication (relative tensor product) of Cm £ Pm and ^ Pn by 

|m |ri. 

Cm ® Cn Crr, Cr, ^ P'm+n- 



We represent elements of Qn as boxes with strings emanating from top and bottom. 
For C £ Pn; note that the creation-annihilation operator L{()L{()* = R{()R{()* 
lies in Qn, which we represent as 



G Qn- 



Theorem 1.3. The extended positive cones Q^ (in the sense of [Haa79]) naturally 
form an algebra Q+ over the operad BP generated by the oriented tangles 



\/ V 



XJ 



and 



jm I 



for m,n > up to planar isotopy. (We suppress external disks, draw one thick string 
labelled n for n individual strings, and orient all strings upward unless otherwise 
specified.) 
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Moreover, the 
and ( E Pn, then 



-algebra and graded algebra P, are compatible: if z E 



Tr„(L(C)L(C)^ 



XJ 



where Tr„ is the canonical trace on Qn coming from the right A-action on H". (Note 
that the multiplication tangle only makes sense once we take the trace by [Haa79]. 
See Theorem 2.14 for more details.) 

We generalize to bimodules Bums' work on rotations: an operator p on the 
central L^-vectors P„ is a Burns rotation if for all left and right bounded vectors 
61, . . . , 6„ G if, (omitting the subscript A on the tensors,) 

(p(C), hi®---®hn) = {CM®---®K®'bi). 

Note this equation implies the uniqueness and periodicity of p if it exists. We 
generalize Burns' notion of (approximate) extremality, and we prove the following 
theorem: 

Theorem 1.4. Consider the following statements (include all or none of the par- 
enthetical statements): 

(1) if" is (approximately) extremal for some n>l, 

(2) ii" is (approximately) extremal for all n > 1, 

(3) The (possibly non-)unitary p exists on P2n for all n>l, and 

(4) The (possibly non-)unitary p exists on for some n>l. 

Then (1) ^ (2) ^ (3) ^ (4). If H is symmetric, then (4) ^ (1). 
When p exists, we represent it diagrammatically by 



P"(C) 




for C G P, 



(well-defined by Corollary 4-16) and these diagrams are compatible with the diagrams 
above in the sense of Theorem 4-17. 

Interestingly, we find our planar structure without the use of Jones' basic con- 
struction and resulting Jones projections! 
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Outline: 

In Section 2, we give a brief introduction to modules, the relative tensor prod- 
uct, extended positive cones, and operator valued weights. Subsections 2.2 and 2.4 
provide some helpful, well-known results for the convenience of the reader. 

In Subsection 3.1, starting with our A — A bimodule H, we introduce if" along 
with two towers of algebras C°p, a tower of centralizer algebras Qn = Cn^ Cn^, 
and the central L^-vectors P„. We then compute formulas for the various canonical 
maps associated with these towers. In Subsection 3.2, we show the extended positive 
cones (in the sense of [Haa79]) of the centralizer algebras naturally form an 
algebra over an operad BP (we use positive cones so we can "conditionally expect" 
using operator valued weights). In Subsection 3.3, we show that the vectors in P, 
are left and right A-bounded and form a graded algebra in the sense of [GJSIO]. We 
then show the compatibility of and P, in Subsection 3.4. 

Subsection 4.1 defines extremality for bimodules and Burns rotations. In Sub- 
section 4.3, we show how the Burns rotation fits in our planar calculus, and in 
Subsection 4.4, we show that (approximate) extremality implies the existence of the 
Burns rotation (Theorem 4.20). A converse of this theorem for symmetric bimodules 
is obtained in Subsection 4.5, which finishes the proof of Theorem 1.4. 

In Section 5, we discuss the centralizer algebras Q„ and central L^-vectors P„ for 
some basic examples. In particular, in Corollaries 5.9 and 5.11, we find an infinite 
index subfactor for which dim((5„) < oo and dim(P„) = 1 for all n G N. This 
example contrasts Burns' example of an infinite index subfactor with a type /// 
summand in a higher relative commutant [Bur03] . 

Throughout the paper, we need some technical results which have been included 
in a few appendices. Appendix A shows that the relative tensor product of ex- 
tended positive cones is well-defined and associative, which is necessary for our 
planar j;^lculus. Appendix B discusses the operad BP which acts on the positive 
cones Q+, including results on generating sets of tangles, standard form of tan- 
gles, and well-definition of the action. In Appendix C, we axiomatize the notion 
of extended positive cone to make rigorous the idea of a planar algebra over such 
objects. The main intricacy is that we must make multiplication by cxdr well-defined. 

Future research: 

The annular Temperley-Lieb category, especially the rotation, played an im- 
portant role in the construction of certain exotic finite index subfactors [PetlO, 
BMPS09]. In a future paper with Jones, we will incorporate the odd Jones pro- 
jections for infinite index (see [Bur03]) into the planar calculus, and we will give 
the analog of the annular Tempeley-Lieb category for infinite index. We hope this 
viewpoint will be as fruitful as in the finite index case. 

The results of this paper should generalize to bimodules over an arbitrary finite 
von Neumann algebra. As it requires substantial calculations while obscuring the 
main new ideas presented here, this generalization will appear in a future paper. 

Finally, it would be interesting to try to connect Connes' results on self-dual 
positive cones [Con74] to the extended positive cones axiomatized in Appendix C. 
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2 Preliminaries 

Notation 2.1. 

• Throughout this paper, a trace on a finite von Neumann algebra means a faithful, 
normal, tracial state unless otherwise specified. 

• A will always denote a finite von Neumann algebra with trace tr^. 

• We use the notation a to denote the image of a G A in L'^{A, tr^). 

• For a semifinite von Neumann algebra M with normal, faithful, semifinite (n.f.s.) 
trace Ttm, we write 

riTrM = {x E M\Tym{x*x) < 00} and 

^TrM = ^TvM^TvM = span {x*y\x, y G XlTrM) ■ 

2.1 Modules and the relative tensor product 

This exposition follows [ConSO, Sau83, Pop94, EN96, Bis97, EVOO, Bur03]. 

Definition 2.2 (Left modules). If aK is a left Hilbert A-module, then the set of 
left A-bounded vectors is given by 

D{aK) = {q E K\ \\ari\\2 < A||a||2 for some A > 0} , 

and each r) G D{aK) gives a bounded map Rirj) : L'^{A) H hj the extension of 
a I— !■ ar]. 

For r]i,r]2 G D{aK), we have an A- valued inner product given by a{vi^V2) = 
JR{r]i)*R{r]2)J G A satisfying 

(1) A{ar]i + r]2, 773) = 0^(771, r/a) + a{V2, Vs)^ 

(2) a{vuV2)* = a{V2,Vi), and 

(3) A{xr]i,V2) = a{v,^*V2) 
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for al\ a e A, X e A' n B{K), and 771,772,773 G D{aK) (note xrji e D{aK)). 
An ^fT-basis is a set of vectors {a} C D{aK) such that 

i?(Q:)i?(a)* = Ik <^==^ '^^'^ ~ ^ ^ -D(^-ft^). 

^ii'-bases exist by [ConSO]. 

The canonical trace on A' fl B{K) is given by 1iA'r\B(K){.x) = Ylia^^^^ ^) where 
{a} is any aK basis. 

If r/ G I^Ui^), then TiA'nB{K){R{r])R{riy) = tiAU{v.v)) = Ml 

Definition 2.3 (Right modules). A right Hilbert A- module is the same as a left 
Hilbert y4°P-module. If Ha is a right Hilbert A-module, we write for a°P^ for all 
a°P G We get parallel definitions: 

The set of right A-bounded vectors is given by 

D{Ha) = G i^lll^alls < A||a||2 for some A > 0} . 

Each ^ G D{Ha) defines a bounded map L{C,): L'^{A) H hj the extension of 
a I— !■ ^a. 

For ^1,^2 £ D{Ha), we have an A-valued inner product given by (^i|^2)a = 
L(^i)*L(^2) e A satisfying 

(1) m2a + ^3)A=m2)Aa+m3)A, 

(2) (6l6)A=(6lei)A, and 

(3) «i|6)A = (eik*6)A 

for all a G A, X G (A°p)' n B{H), and ^1,6,6 e /^(i/^) (note x^i G D{Ha)). 
An if^-basis is a set of vectors C D{Ha) such that 

5^L(/3)L(/3)* = 1h ^ = ^ for all ^ G /^(if^). 

i^A-bases exist by [ConSO]. 

The canonical trace on on {A°^ynB{H) is given by TT(A°pYnB{H)(yX) = J^i^i^f^^ 
where {/?} is any Ha basis. 

If e G D(i/A), then Ti^^A'^^Ynsmimm*) = tiAmOA) = UWl 

Definition 2.4 (Relative tensor product). The relative tensor product H ^a K is 
given by one of the three equivalent definitions: 

(1) the completion of the algebraic tensor product D{Ha) &a K under the pseudo- 
norm induced by the sesquilinear form (D r],^' Q 77') = ((^'10^^75 ^7')' 

(2) the completion of the algebraic tensor product H Qa B>{aK) under the pseudo- 
norm induced by the sesquilinear form 77, ^' r]') = (^ia(7/i, 7/2), ^2)^, or 
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(3) the completion of the algebraic tensor product D{Ha) &a D{aK) under the 
pseudo-norm induced by the sesquilinear form 

(6 Vl, 6 V2) = {^1a{VuV2),^2)h = {{^2\^i)aVi,V2)k- 

The image of Q tj in H K is denoted ^® rj. (This notation avoids confusion 
with the operators x ®a y as in Lemma A. 4.) 

Given ^ G D{Ha) and 77 G D{aK), we get bounded creation operators L^: K ^ 
H ^A K hj rj' ^ ^®rj' and -R^ : H ^ H ®a K hy ^' ^ ^' ® r], whose adjoints are the 
annihilation operators given by L*^{C,' ^ r]') = (^|^')aV and R*{^' V) = ^'aW: v)- 

Definition 2.5 (Fiber product, [Sau85, EVOO]). Suppose C Mi C B{H) and 
ACM2C B{K). Then we define 

M[ ®A M2 = {x ®A y\x G M[ and y G M'^} C 5(/J ®a K) 

(see Appendix A and Lemma A. 4), and the fiber product of Mi and M2 over A is 
given by Mi M2 = {M[ ®a M^)'. The fiber product satisfies: 

• (Ml M2) n (A^i A^2) = (Ml n A^i) (M2 n N2) and 

• Ml ^A ^ = ((A°P)' n Ml) ®A and v4°p ^a M2 = 1h 0a (^' n M2). 
In particular, 

(BiH) ^A A)' = ((A°P)' ®A U)' = *A 5(if) = Ih 0a A'. 

2.2 Some easy facts about the relative tensor product 

The following are well-known to experts, but we reproduce them here for the sake 
of completeness and the reader's convenience. For this subsection. Ha is a right 
Hilbert A-module, and aK is a left Hilbert A-module unless otherwise stated. 

Lemma 2.6. Suppose {/?} is an HA-basis. Then if u e f/((A°P)' n B{H)), 

is another HA-basis. If v G U{A), then {f3v} is also an HA-basis. A similar result 

holds for left modules. 

Proof For u G (A°p)' n B{H), L{u/3)L{u/3y = uL{/3)L{/3yu* . Thus 
5^L(n/3)L(«/3)* = « (^L(/3)L(/3)* J u* = Ih. 

If G U{A), then L{(3v)L{/3v*) = L{(3)vv*L{/3)* = L{/3)L{/3)% and the result 
follows. □ 

Lemma 2.7. Let ^1,^2 e D{Ha) and rji,rj2 G D{aK). Then L*^^L^^ G B{K) is left 
multiplication by (^i|^2)a o-nd R*_^Rr^2 ^ B{H) is right multiplication by a{vijV2)- 

Proof {Ll^L^^rii,ri2) = (60^?!, 60'?2) = ((^i|6)a'7i, ^?2)- The other is as trivial. □ 
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Lemma 2.8. //{/?} is an Hy^-basis, then ^^-f'/j-f'^ = '^H(^aK- Similarly, if {a} is 
an AH-basis, then Y^^RaRl, = ^h®aK- 

Proof. We prove the first statement. Suppose ^ G D{Ha) and rj G D{aK). Then 

/3 /3 /3 

□ 

Lemma 2.9. Suppose rj G aK and rj G D{aK). Then there is a unique a{v'jV) ^ 
-L^(A) C L^{A) such that {arj, ri')^ = {a, a{v\ v))L2iA) for all a & A. A similar result 
holds for right modules. 

Proof. If ^ ^ D{aK), this is just the usual Radon-Nikodym derivative, and 

\\a{v',v)\\2= sup \{a,AW,v))L^A)\= sup tr (^(r/,r/')a) 

aeA,j|a||2<l ae-4,||a||2<l 

= sup \{ar],r]')K\ < i sup ||a*Vll2 ||??||2 < A||?7||2 

aeA,||a|j2<l \aeA,||a||2<l / 

for some A > depending only on rj' as rj' G D{aK). Now if rj ^ D{aK), take 
Vn £ D{aK) with ?7„ — )■ ?7 in II ■ ||2, and define 

A(r/',r/) = limA(r/'>^n) 

n 

which exists by the above estimate. Now {arj,rj')K = {(^, a{v' ^v))l'''{A) for all a G A 
by construction. □ 

Corollary 2.10. Eachrj G a^ gives a closable operator R(ri)^ : A — )■ aK bya^-^ arj. 
A similar result holds for right modules. 

Proof. We need only show its adjoint is densely defined. If r]' G D{aK), then 

{R{r]fa,r]')K = {av,v')K = {A, a{v' ,v))l^a) 

by Lemma 2.9, and the result follows as D{aK) is dense in K. □ 

Corollary 2.11. Each t] G aK gives a closable unbounded operator R^: D{Ha) — )■ 
H ®A K by ^ ^ ^ ® 7]. A similar result holds for each ^' G Ha. 

Proof. Once again, we show its adjoint is densely defined. If ^' G D{Ha) and 
rj' G D{aK), then by Lemma 2.9, 

(i?;^, e ® v')h<^aK = {i®ri.i'® v')Hr^AK = {{i'\i)Ari, v')k = ((riOl, Al<n\ rif)mA) 
= {Lia*^,A{v',vf)LHA) = {^,LiaA{v',vf)H. 

The result now follows as D{H a) ®a D{aK) is dense in H (8>a K. □ 
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2.3 Haagerup's extended positive cones and operator val- 
ued weights 

For this subsection, M is a von Neumann algebra acting on a Hilbert space H. 

Definition 2.12 (Section 1 of [Haa79]). The extended positive cone of M, denoted 
M+, is the set of weights on the predual of M, i.e., maps m: M+ — )• [0, oo] such 
that 

(1) m{X(j) + ip) = Xm{(f)) + m{ip) for all A > and 4>,ip E M+, and 

(2) m is lower semicontinuous. 

The extended positive cone has additional structure: 

• There is a natural inclusion — )■ M+ by m i— (0 i— t- 0(m)). 

• For m G M+ and a G M, we define a*ma G M+ by 



We write Am for A^/^mA^/^ for A > 0. 

• There is a natural partial ordering on M+ given by mi < 1712 if mi{(j)) < m2(0) for 
all G M+. 

• If / is a directed set, we say {■mi)i^i C M+ increases to m G M+ if i < j implies 
mj < mj and supjmi(0) = m(0) for all G M+. Hence we can define the sum of 
elements of M+ pointwise. 

• Each (j) G extends uniquely to a map M+ — )■ [0, 00] by 0(m) = m{(j)). 

Remark 2.13 (Section 1 of [Haa79]). There are equivalent definitions of M+: 

• Given a projection p G P{M) and a densely-defined positive, self-adjoint operator 
S* in = pH affiliated with M, we can define 



where = {■(,,0- Conversely, given m G M+, there are unique {K,S) such that 
Equation (1) holds. In the sequel, we will write m = {K,S) when we use this 
bijective correspondence. 

• Each m G M+ has a unique spectral resolution 



a*ma{(j)) 



m{a(f)a*) 



m{(f){a* ■ a)). 




(1) 




where {eA}Ae[o,oo) are increasing family of projections in M such that: 



(1) A I— 7- is strongly continuous from the right, and 



10 



(2) p = l- liniA^oo ex 
Moreover, 

eo = m{(p) > for all G M+ \ {0} 
p = <^=^ {0 G M^^|m(0) < oo} is dense in M^. 

• Every m G M+ is a pointwise limit of an increasing sequence of operators in M"*". 

• M+ is the set of all m G B(H)^ affiliated to M {umu* = m for all u G f/(M')). 

Theorem 2.14 ([Haa79], Proposition 1.11, Theorem 1.12). Suppose M is a semifi- 
nite von Neumann algebra with n.f.s. trace Ttm- For x,y & , let Ttm{x ■ y) = 
TiMix^^'^yx^^'^)- Then the map {x,y) i— j- TiMi^ ■ y) has a unique extension to 
M+ xM+ such that 

• Ttm{x ■ y) = TiMiy ■ x) for all x,y e M+, 

• Ttm is additive and homogeneous in both variables, 

• if (xi), {ijj) C M+ with Xi X and yj y, then 1iM{,Xi ■ yj) /• TrM(a; ■ y\ and 

• TYM{{0'*xa) ■ y) = Ttm{x ■ {aya*)) for all x,y & M+ and a G M. 

Moreover 

• The map x H- Tr(x ■) is a homogeneous, additive bisection from M+ onto the set 
of normal weights of M , 

• X < y <^==^ Tr(x ■ ) < Tr(?/ • ) and Xi x <^==^ Tr(xj ■ ) Tr(x ■ ), and 

• If X = A de\ + oop, then Tt{x ■ ) is faithful if and only if cq = and semifinite 
if and only if p = 0. 

Definition 2.15 ([Haa79], Definitions 2.1 and 2.2). Let M and be von Neumann 
algebras C M. An operator valued weight from M — )■ A^ is a map T : M"*" — A^+ 
which satisfies the following conditions: 

(1) T{Xx + y) = XT{x) + T{y) for all A > and x,y e M+, and 

(2) T{a*xa) = a*T{x)a for all x G M+ and a G A^. 
As in the case of ordinary weights, we set 

Ut = {x G M\T{x*x) G A^+} and 
mr = n^rir = span {x*y\x, y G Ut} • 

Moreover, we say T is: 

• normal if Xi x ^ T{xi) T{x) for all Xi, x G M"*", 

• faithful if T{x*x) = ^ a; = for all a; G M+, and 

• semifinite if Ut is cr-weakly dense in M. 

We will abbreviate normal, faithful, semifinite by the acronym n.f.s. 



11 



Remarks 2.16. 

(1) T is a conditional expectation if and only if T(l) = 1. 

(2) If T is normal, it has a unique extension to M+ satisfying (1) and (2). 

(3) xiT is a left-ideal and Ut, ttlt are algebraic N — N bimodules. By polarization, T 
extends to a map T: my — > A^, and T{axb) = aT{x)b for all x G and a,b & N. 

Theorem 2.17 ([Haa79], Theorem 2.7). Given an inclusion N C M of semifinite 
von Neumann algebras with n.f.s. traces TrAr,TrM respectively. Then there is a 
unique n.f.s. trace-preserving operator valued weight T: — )■ A^+. Moreover, if 
X G , T{x) is the unique element of such that 

TiMiy ■ x) = TiNiy ■ T{x)) for all y e N+ (2) 

(where we also write Ttn for the unique extension o/Tr^v to N'^). 

Definition 2.18. For C M an inclusion of von Neumann algebras, we write 

• V{M, N) for the set of n.f.s. operator valued weights — )■ A^+, and 

• Vo{M,N) C V{M,N) for the set of operator valued weights whose restriction to 
A^' n M is semifinite. 

Lemma 2.19 ([ILP98], Lemma 2.5 and Proposition 2.8, [Yam94], Corollary 28). 
Let N G M be an inclusion of semifinite von Neumann algebras. 

(1) There is a unique central projection z & N' (1 M such that 

• VoipMp,pN) = for all p E N' n M, p < {1 - z) and 

• Vo{zMz,zN) =V{zMz,zN). 
Moreover, for all T eV{M,N), 

• (1 - z){N' n M) n triT = {0}, and 

• T\z(N'r\M) is semifinite. 

(2) IfVo{M,N) ^ and Vq{N\M') ^ 0, then N' n M is a direct sum of type I 
factors, and pN C pMp has finite index for every finite rank p G N' H M . 

2.4 Useful lemmata on extended positive cones 

For this subsection, M is a von Neumann algebra acting on a Hilbert space H. 
Lemma 2.20. For m G Af+ and rj,^ G the parallelogram identity holds: 
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Proof. Take {xi) C M+ with Xi increasing to m. Then 

m{Ur^+^) + m{uJr,-^) = sup ( Xi{0Jr,+^) + Xj{uJrj-^) 

< sup ( sup ( Xk{(jJn+d + ^k^i^v-d ) ) 

1,3 V k>i,j V / / 



sup ( sup ( 2xk{uJr^) + 2x^(0;^) 



< sup ( 2xii{u!r]) + 2a;j'(c(;^) ) = 2m{u!ri) + 2m (o;^). 



The other inequahty is proved similarly. □ 
Lemma 2.21. 

(1) mi < 1712 if and only if miiuj^) < m2{uj^) for all ^ E H. 

(2) {mi)i^i increases to m if and only if i < j implies rui < rrij and sup^mi{uj^) — 
m{u^) for all E H. 

(3) If {mi)i^i increases to m and a e , then a*mia increases to a*ma. 

Proof. First, note every cj) e is a sum of functionals u^^, — (• ^fe, ^k) for ^ H. 

(1) Follows immediately by lower semicontinuity of m e M+. 

(2) Suppose (f) — '^ik ■ By lower semicontinuity, 

k k * 

> sup^mi(a;^J = supm^ ^'^fc = supmj(0). 
' k ' \ k J ' 

There are two cases: 

Case 1: Suppose m(0) = oo. Then there is a £ > such that supjmi(a;^^) > e for 
infinitely many k, say (A:„). Let N > 0, and let M > such that Me > N. Choose 
ji e / such that i > ji implies rrii^UkJ > e. For n = 2, . . . , M, inductively choose 
jn > jn-i such that i > jn implies rriiiujkn) > ^- Then for all i > Jm, 

M M 

5]^iKJ > E^^^'^^^J > = M£ > AT. 

k n=l n=l 

Since N was arbitrary, we must have 

supmj(0) = supmj (cufc) = sup mi{ujk) = oo. 
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Case 2: Suppose m(0) < oo. Let e > 0. Then there is an G N such that 
J2k>N ^i^^k) < ^- as in the proof of Lemma 2.20, 

TV N 

m((f)) - e < ^supmj(w^J = sup^mi{u^J < sup^mi(a;fc) = supmi(</)), 
k=i * ^ k=i * fc * 

and the resuh follows as e was arbitrary. 
(3) We use (2). Let ^eH. 

a*mia{uj^) = rriiiujas) < rrijiuJa^) = a*mja{u)^) for all i < j and 
sVi\)a*mia{uj^) = sup mi{ua^) = m^uja^) = a*ma{u^). 

i i 

□ 

Remark 2.22. Suppose (xj)jg/, C M"*" are directed families and A > 0. Then 

by Lemma 2.21 and techniques similar to those used in the proof of Lemma 2.20, 

sup(Aa;j + yi) = \ sup Xi + sup Uj. 

i i j 

Lemma 2.23. Suppose F C M+ is a directed family, i.e., ifx,y G F, then there is 
a z E F with z > x and z >y. Then there is a unique nip = {Kp, Sp) G M+ with 

Kp = Dom(S']/^) such that 

mp{oj^) = {Sy^^, Sp'^^) = supx(a;^) for all 

^ G Dom(S']/^) = E H supx{u)^) < oo > . 

t x£F J 

We denote mp by SUp^jg p X . 

Proof. As in [Haa79, ConSO, Tak03], one checks that the extended quadratic form 
sp: H ^ [Or, cxdk] given by sp{C,) = sup^g^x(u;^) satisfies 

(1) sp{XO = \X\'sp{0, 

(2) spir] + + spiv - = '^spiv) + 2spiO, 

(3) SiT' is lower semicontinuous, and 

(4) sp{uO = Sf(0 for all uEM'. 

(1) and (4) are trivial. (3) follows as sups of lower semicontinuous maps are lower 
semicontinuous. (2) is similar to the proof of Lemma 2.20. □ 
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Definition 2.24. Suppose M is a semifinite von Neumann algebra with n.f.s. trace 
TrM acting on the right of H. Let ^ G D{Hm), and suppose (xj) G (M' fl B{H))^ 
with Xi X e [M' n B{H))+. Then each L{C,)*XiL{C,) G M+ as it commutes with 
the right M-action on L'^{M,Tym), so we define 

m*xm = supL(0*x,L(0 e M^. 

i 

Note that if k G ^^(M, Tim), then 

^L(0*a;L(0^ = sup ^L(0*XiL(^)^ = sup Xi{uj^(^^) = x{uj^(^^), 

which is independent of the choice of (x,). Hence L{^)*xL{^) is well-defined by 
Lemma 2.21. Similarly, we may define operators of the form R{r])*yR{r]), L*^xL^, 
and R*yRrj. 

3 Planar calculus for bimodules 

For this section, let A be a JJi-factor, and let aHa be an A — A Hilbert bimodule, 
i.e., H has commuting actions of A and A°^. 

3.1 Centralizer algebras, central L^-vectors, and canonical 
maps 

Definition 3.1. For an A — A bimodule K (algebraic or Hilbert), we define 
A'nK = {^e K\a^ = for all a e A} . 

Notation 3.2. For n > 0, let 

• if" = (S)aH, with the convention that = L^{A), 

• 5" = D{aH'')^D{H\), which is dense in H'' by Lemma 1.2.2 of [Pop86]. We also 
use the convention B = B^. Note B^ = A. 

• {a} C -B be an aH basis (possible due to the density of B in H), with 

{a"} = {ai (g) ■ ■ ■ (g) a„|ai G {a} for alH = 1, . . . , C -B" 

the corresponding aH"" basis (as -Rai®...®Q,„ = Ra^ ■ ■ 'Ran)- We let {P} C -B be an 
Ha basis, with {/?"} C B^ the corresponding H\ basis. 

• (central L^- vectors) P„ = A' n if". Note Pq = A r\ L'^{A) = CI. 

• Cn = {A°^y n B{H"') (the commutant of the right A-action on ii") with canonical 

trace Tr„ = ^^„(-/3-,/3"), 

• cop = A' n B{m) with canonical trace Tr°P = ^^„( ■ a", a"), 

• (centralizer algebras) Qn = Cn H (7°^. 
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Remark 3.3. Note that A C C„ and A°p C C°p. 

Definition 3.4. H is called symmetric if there is a conjugate-linear isomorphism 
J: H ^ H such that J{a^h) = b*{J^)a* for all a,b e A and ^ e H. 

Remark 3.5. If if is symmetric, then for n > 1, is symmetric with conjugate- 
linear isomorphism J„ : if" — > if" given by the extension of 

Jn(6 ® ■ ■ ■ ® a) = (^6) ® ■ ■ ■ ® {Jin). 

for 6 e 5 for all i. Note that J„AJ„ = A°p, J„C„Jn = C°p, and J„S" = S". On 
B{H"-), we define j„ by j„(x) = J„x* J„. Note that = id and Tr„ = Tr°P oj„. 

If if is not symmetric, then in general, C°p is not the opposite algebra of C„, 
e.g. R(^iL^{R ® R)r(^r where R is the hyperfinite f fi-factor. 

Remark 3.6. It is clear that i?" is an A — A bimodule. If G 5" and c G C„, 
then G D{H^), but in general, ^ D{aH"). However, if c G (5„, then clearly 
G 5". 

Proposition 3.7. We have natural inclusions: 

in - Cn ^ Cn+i by X X (g)^ idn = (?7 ® ^ {xr]) ^ /or G i?" and C, E B) and 
z°P : 1 6?/ y ^ idn = (e 8) ^ ^ e ® (y^) for^eB and 7^ e B^). 

Both maps include Qn — J- Qn+i- 

Proof. If 2; G then in{z) G Qn+i as for all a, 6 G A, 

{z ®A i^H)[a{i ® ri)b] = (zia^)) ® (rib) = (0(2^)) ® (r^fe) = a[(zr7) ® 
The result is similar for z°p. □ 
Proposition 3.8. If x E C„, t/ien = ^^R^xR*^. If y E C°p, t/ien i°P{y) = 

Proof. We prove the first statement. If ^1, ... , ^^4.1 E B, v/e have 

\ a / a 

= (^(^1 ® ■ ■ ■ ® ^n-iA(^n, a)) ® a) 

a 

= [x{ii ® ■ ■ ■ ® ^-i)] ® = ^n(a;)(6 ® ■ ■ ■ ® a)- 



□ 



Remark 3.9. By Definition 2.5, (C^ 0^ id„_fc)' n B(ff") = idfc O^C; 



op 

n—k' 
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Lemma 3.10. Suppose ^ G H"^ and y G (C*"^^)"^. Recall the operator R^: B ^ 
i)y fj Yj ^ is closable by Corollary 2.11. Then y^^'^R'^: B — ?■ H^~^^ is also 
closable. 

Proof. Let p be the range/kernel perp projection of y^^^. By the spectral theorem, 
there are projections pk G C°^-^ such that y^^'^Pk = PkU^^'^ is invertible on p^H^^^ 
and Pk P (strongly). Fix /c > 0. Vectors of the form C, = Yli=i o'i ^ Ki & pkH'"-^^ 
where di, . . . , (Xj G B and Ki, . . . , Kj G -B"" are dense in pkH"''^^ by the density of 
5 ®^ 5" C Then for such C and all r/ G 5, 

i i / i 

j=l j=l \ i=l 

(see Corollary 2.11). Finally, the span of vectors of the form y~^^'^PkC where C is as 
above and > is dense in pH"'~^^. □ 

The following proposition and its proof are similar to Theorem 3.2.26 and Propo- 
sition 3.2.27 of [Bur03]. 

Proposition 3.11. Recall from Proposition 3.7 that in{Cn) C Cn+i andi^{C°^) C 
C^^i- The unique trace-preserving operator valued weight 

T„+i: (C.;tfi5 Tr„,+i) — > (C+,Tr„) is given by x ^ 

The unique trace-preserving operator valued weight 

T:1,: {{CZir,TrZ,) ^ ((CT,Tr°p) ^s given by y ^ J^L^yL^. 

a 

In particular, T^+i and T°^i are independent of the choice of basis. 

Proof. We prove the result for the second statement. 

Suppose y G (C*°'j_J"^ and ^ G H^. By Lemma 3.10, y^^'^R'^ is closable, so we 

set S = {y^/^Rlfy^/'^Rl, which is affiliated with C°p, and define ms G {C^+ as in 
Equation (1) by 



\S^'^r]\\ if 7] e D{S^/^) D B 
oo else. 



Now we calculate that 



2 



E(i/(« ® 0, (« ® = ( ( E ^*-y^- ) w 

a \ \ Q / / H" 



^n+l(y)(w?)- 
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As all elements of B{H)^ are sums ^jW^,, T^+i is well-defined and independent of 
the choice of {a}. 

Note that T°Pi((C°Pi)+) C (CT as if y G {C^liV, ^ e and u e U{A), 
then 

^ LlyLaiuu^) = ^{yia (g) <), a O <) = ^{y{au O 0> ® 

a a 

as {au} is another basis by Lemma 2.6. 
Finally, if x G (C°p)+ and y G + , then 



/V),(x^/V") 



SO T°^j!.]^ is the unique trace-preserving operator valued weight by Equation (2) in 
Theorem 2.17. □ 

Remark 3.12. If ^ G Q++i, then T°l-^{z) G as if ^ G i/" and m G U{A), 

a a a a 

A similar result holds for T„+i. 

Corollary 3.13. If z e Qt , then ^^L{ayzL{a) = TtI^{z)1l2(a)- Similarly, 
E„W)*^W) = Tri(z)U2(^). 

Proof. We prove the first formula. First, L(a;)*2L(Q;) G Qq = [0, oo]. Now 
( EL(a)*zL(a) j K) = J](L(a)*;^L(a)T, 1) = J2{za,a) = TtT{z). 

\ a / a a 



□ 



Proposition 3.14. The unique trace-preserving operator valued weight 

Tn+i- {Qt+i,^rn+i) (C(<5n)>Tr„) %s given by x ^ ^L*f^xLp. 

The unique trace-preserving operator valued weight 

fZi-. (Q+ Tr°P+,) ^ (^„(g+),Tr°p) zs given by y ^ J2^*o.yRa^ 

a 

In particular, Tn+i and T°?^ are independent of the choice of basis. 
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Proof. Similar to the proof of Proposition 3.11 using Remark 3.12. Note that if 
u G U{A), then {ua}, {f3u} are also aH, if^-bases respectively by Lemma 2.6. □ 

3.2 Planar algebra over extended positive cones of central- 
izer algebras 

The following theorem is necessary to show the planar calculus is well-defined. 

Theorem 3.15. The following relations hold among the maps Tn, T°p, ^a, Tr„, Tr°^ 
form,n > 1 (compare with Theorem B.2): 

(1) TaTZiiz) = T°PT„+i(^) for all z G g+Ti^ 

(2) zi {z2 ®A z^) = {zi Z2) ®A Z3 for all ZiEQt^, i = 1, 2, 3, 

(3) zi ®A {TnZ2) = T„+n(^i ® Z2) and (T^^zi) ®a Z2 = T°P+„(^i ® Z2) for all zi e 0+ 
and Z2 G and 

(4) Tr„(2;i ■ Z2) = TTn{z2 ■ Zi) and Tr°P(2;i ■ Z2) = Tt'^{z2 ■ Zi) for all Zi,Z2 G Q+. 
Proof. 

(1) For all C e H"" and z G JUi, 

(r„r„°^(^))(a;^) = (j^R; ( J^OlJ rA (u^) = Y,{R*pLlzL^Rp){u^) 

= Z{uja®^^^) = [YL*^[Y1 ^l^^P I I (^«) 

a,/3 \ a \ 13 ) ) 

= {t:^t^^,{z)){u^). 

(2) This is Corollary A. 14. 

(3) Suppose zij G increases to zi and Z2,k £ Qt. increases to Z2. Then 

Tra+niZij ®A ^2,fe) = R^Zij (g)^ ^2,fc)^/3 = ^ Zij ®A {RlZ2,kRp) 



Now TnZ2,k increases to T„Z2, and we are finished by Theorem A. 16. The other 
equality is similar. 

(4) This is Theorem 2.14. □ 

Corollary 3.16. The following relations also hold: 
(1) 2„+iZ°P(z) = i^n+iiniz) for all zeQ+. 
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in{z2) and C+n(^i ®A Z2) = ®A Z2 for all Zi e 



(2) im+nizi (S)AZn) = Zi 

and Z2 G 

(3) i°^_{rn{z) = T„+iz°P(z) and in-iT°P{z) = T°l^in{z) for all z eQ+, and 

(4) for all Zi G ^2 G Q^t; 

(Tn+i o • • • o Tm+„)(zi (g)^ ^2) = TTn{z2)zi and 

(Tm+l O ■ ■ ■ O Tm+n){Zi Z2) = Tt°^{Zi)z2. 

In particular, Tr„+„ (2:1 (8)^2) = Tr^(^i) Tr„(2;2) anc? Tr^^^^ (2:1 0^2) = Tr;^(2;i) Tr°P(2;2). 

Definition 3.17. The bimodule planar operad BP is the operad of oriented, un- 
shaded planar tangles (up to planar isotopy) generated by 



I" ^ b 



>^7 \/ 



and 



for m, > up to planar isotopy. (We draw all disks as boxes, suppress external 
disks, draw one thick string labelled n for n individual strings, and orient all strings 
upward unless otherwise specified.) Some topological properties of tangles in BP 
are given in Appendix B. 

A BP-algebra (of extended positive cones) K is a sequence {Ki}„>o of extended 
positive cones (see Appendix C) and an action by multilinear maps 

Z : BP ^ ML{K} 

{Z is the partition function) which is well-behaved under composition. 

A BP-algebra is called: 
» connected if Vq = [0^, ook], 
I normal if Z{T) is normal for all T G BP, and 

» self-dual if Vn is self-dual for all n, and for all annular tangles T G BP, flipping it 
inside out gives the adjoint map (see Definition C.IO). 

Theorem 3.18. Given an A — A bimodule H , the extended positive cones form 
a unique connected, normal, self-dual MF-algebra (5+ such that: 



(1) id 



idr. 



(2) Tn+i{z) 



z 



andT°l^{z 



for all z G Q^+i 
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(3) Zi®AZ2 = 

and 

(4) Tin{zi ■ Z2) 



Z2 



(defined in Appendix A) for all z\ G ^'^^ -^2 G Qt^ 



Zl 



I 



Z2 

'XJ 



and Tr°P(zi ■ Z2) 



Zl 

1. 



for all Zi,Z2 E 



Z2 



Moreover, the following hold: 



(5) in{z) 



± 



and i'^{z) 



for all z G and 



(6) <lim.A{H) = Ti(l) = and dimA-{H) = T°p(1) = >Qi . 

Note that the well- definition of the partition function Z means that any closed dia- 
gram counts for a multiplicative factor in = Z{A)^ = [Oir, oou\. 

We call the canonical MF-algebra associated to H . 

Proof. It suffices to show (l)-(4) uniquely determine the action of any tangle in BP. 
This follows from Theorem 3.15 and Appendix B. Note that Q+ is connected since 

Qq = Z{A)+ = [Or, oor], normal by Theorem 2.14 and Remark C.7, and self-dual 
by Proposition C.ll. □ 

Remark 3.19. Given some operad P of (shaded, unshaded, oriented, disoriented, 
etc.) planar tangles, it is not always possible to define an (extended) positive cone 
planar algebra over P. For example, the rotation does not always map positive 
elements to positive elements in a subfactor planar algebra. 

3.3 Graded algebra of central L^-vectors 

Lemma 3.20. Suppose K is a Hilbert A — A bimodule. Then A' (1 K ^ D{aK) fl 
DiK^). 

Proof Suppose ( e A' nK, ( j^O. Define ip: A+ ^ Chj (aC, C)- Note that ip 
is traicial as 

ip{a*a) = (a*aC,C) = {o*CO'X) = ('^*C)C'^*) = {o*C,ci*0 = {(^0'*C:0 = '^{aa*). 

Hence there is a A > such that if = Atr^ by the uniqueness of the trace on a 
J/i-factor. Now for all a E A, 



\a(\\l = \\(a\\l = ip{a*a) = Atr^(a*a) = A||a| 



2) 



and ( is left and right A-bounded. 



□ 
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Remark 3.21. In the sequel, we will confuse elements ( & Pn and the operators 
L(C) = R{C) : L^{A) -> iJ". We will omit R{C) and only write L(C). 

Theorem 3.22. Representing elements ( ^ Pn by boxes with n strings emanating 
from the top, 



c 



the Pn's form a graded algebra P, in the sense of [GJSIO] where the graded multi- 
plication is given by relative tensor product (over A) of central vectors. We denote 
the product of (m £ Pm and (n ^ Pn by 



Cm ® 



m In 



Cn 



ePn 



Remark 3.23. li z E Qn and ( G Pn, then z( G P„, which we denote as: 



1 



The dual version of these diagrams denotes the functional { ■ , () y 



The inner product (-,•): P„ x i^* —> C is given by 



3.4 Compatibility 

We now show how QJ" and P, are compatible. 
Lemma 3.24. 

(1) IfCePn andieB\ then a{C,0 = {^A- 

(2) //C,e e Pn, a{C,0 = (elC)A = (COUhA) G Cl^A). 

(3) For ( G Pn, L{()L{()* = R{()R{()* G Qn- We denote the common operator as: 



(4) IfCePn and IICII2 = 1, L{QL{(Y\p^ =pf, the projection onto CQ. 
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Proof. 

(1) Suppose ai,a2 G A. Then 

U(C,0«i,a2) = (Ji?(C)*i?(0M,a2) = {alRiCYRiOat) = (a^C, 

= {Ca'*2,a'*iO = (aiC,^a2) = ((01,^02) = {L{C)ai, 1(^)02) 

(2) Since ^ ^ -Pn? for all c^, ai, 02 £ ^, 

{{^\C)A{aaib),a2) = {Caaib,^a2) = ((01,^0*026*) 

= {{^\0Aaua*a2b*) = (a((^|C)Aai)&, ^2), 

so ('CIC)a G ^(^) = Clyi. Now setting a = b = ai = a2 = Ia gives the result. 

(3) For^Gfi", by (1), 

mm*^ = cm A = (ciox = a{^,ck = RiORicr^, 

so the two are equal on H"". We have C„ 9 L(C)i:(C)* = i?(C)^(C)* e C°p, so 
L(C)L(C)* e Q+. 

(4) Trivial from (2) and (3). □ 
Theorem 3.25. Suppose ( & Pn and z G Q+. 

(1) L{()*zL{Q = 2;(a;^)l2,2(^) = R{()*zR{Q . We denote this diagrammatically as: 



c 



(2) In the notation of Theorem 2.14, 



zK) = tTAiLiCTzm) = Tr„(L(C)L(C)* ■ z) 

= tTAo.{R{crzR{0) = Tr°p(^ ■ RiORicr 



In diagrams: 
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Proof. 

(1) We show the first equahty. If z E Q^, this is just (2) of Lemma 3.24 with 
Ci = C2 = z^^'^C- Now for z E Q+, pick (zm) C with Zm z to get 

L{CTzL{C) = hm L{CTzmL{C) = lim z^{ut;)lL^A) = z{uj(;)1l^a)- 

m— >oo 

The second equahty is similar. 

(2) We show the second equahty. We may assume z G Q^, after which we may take 
sups to get the fuU result. Then as z^/'^(^ E Pn, we have 

Tr„(^ ■ mm*) = Tiniz'^'mmrz'^') = Tr„(L(zn)L(^i/2c)*) 
= tTAim/'crHz'/'O) = tr^(L(C)*zL(C)). 



The other equality is similar. 

Remark 3.26. U a E Qn, z E Q+, and C e P„, 



□ 



c 



I 



a za 
I 



{a*za){uJi;) = z{uja(:) 



c 



X 



I 



Corollary 3.27. If (i e Pm, C2 e P„, zi E Q+, and Z2 E Q^, then 



Cl ®C2 

~~r- 



Zl (Sa Z2 



I 



((2:i®A2;2)(Ci®C2),(Ci®C2)) = (^iCi,Ci) (^2(2,(2) 



Cl ®C2 



Ci 



Zl 



Z2 



For Zl E and z^ E Q^, taking sups gives 





5C2 


1 


Zl (8 


A Z2 


1 




5C2 



(zi ®A 2;2)Ki®C2) = ^iHJ^sKJ 



Ci 



Zl 



(2 



Z2 
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Theorem 3.28 (P, acts on Q^). Given a tangle T G BP with 2n boundary points 
and a ( E Pn, we have 



c 



r 
X 



:= ev^ oT: Vi^ x ■ ■ ■ x Vi^ [Oj 



In this sense, we say P, acts as weights on . By Theorems 3.15 and 3.25 and 
Corollary 3.27, we may remove closed suhdiagrams and multiply by the appropriate 
scalar in [0, oo]. 

Remark 3.29. If A C {B,tTB) is an inclusion of J/i-factors and H = L'^{B), then 
one can also define a shaded bimodule planar operad which works similarly to the 
above construction. This will be explored in a future paper. 



4 Extremality and rotations 

For this section, A is a J/i-factor. Assume the notation of the last section. 



4.1 Extremality 

Definition 4.1. is approximately extremal with constant A > if on Qf, 

A^^Tri < Tr°P < ATri. 
H is extremal if Tri = Tr°'' on Qf. 

The following proposition is almost identical to Proposition 2.8 in [ILP98]. 

Proposition 4.2 (Structure of Qn)- Qn = © © b°P © c„ such that 

» Un is a direct sum of type I factors, and for each finite rank p & an, pA C pCnP 
has finite index. 

* Tr„ |„„eb„ and Tr°P |„^eb°p are semifinite, 

* b°P © c„ n triTr,, = {0} = b„ © c„ n mTr°p, and 

* If H"^ is symmetric, then jn fixes a„, c„ and jn{bn) = b'^. 

Proof. By Lemma 2.19, let Zn,z!^^ e Qn be the unique central projections corre- 
sponding to Ac Cn and A°p C C°p. Set 



b°P=(l-;.„KPQ„ 



b„ = Zn{l - z':^)Qr. 



Zn){l-Z^^)Qn, 



and the rest follows immediately. 



□ 
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Proposition 4.3. Let Qi = Oi © bi © © Ci as in Proposition 4-2. The following 
are equivalent: 

(1) H is approximately extremal with constant A > 0, and 

(2) bi = b°^ = {0} and there is a X > such that on fl Oi, 

A^^Tri < Tr°P < ATri. 
A similar result holds for the extremal case. 
Proof. 

(1) =^ (2): Suppose H is approximately extremal. We show bi = {0}. As Tri |aiebi 
is semifinite by Proposition 4.2, we choose z G bi such that z > and z G mxri- 
Then z G mTr°p, but bi n triTr-j-p = {0}. Similarly b°P = {0}. 

(2) (1): Tn l^^Q, = Tr°P I^^q, = oo. 



□ 



Corollary 4.4. H is extremal if and only if for each Hilbert A — A bimodule K (Z H, 
the left and right von Neumann dimensions agree. 

Remark 4.5. If H has a two-sided basis {7}, then H is extremal as 

Tri = 5^(-7,7) = Tr7. 



Remark 4.6. If H is approximately extremal and z G Qi, then there is a A > 
such that 

A-i z{ufs) < z{ua) < A ^ z{u,3)- 

13 a (5 

If H is extremal, then the above holds with A = 1. 
Theorem 4.7. 

(1) If H is (approximately) extremal (with constant X > 0), then if" is (approxi- 
mately) extremal for all n > 1 (with constant X^). 

(2) If is (approximately) extremal for some n > 1, then H is (approximately) 
extremal. 

Proof. We prove the extremal case, and the approximately extremal case is similar. 
(1) We use strong induction on n. Suppose and if" are extremal. If 2; G Q^+i, 



n + l 



\/ 



n+l 



TC+i(^)- 



Hence if""*"^ is extremal. 
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(2) Suppose if" is extremal and z G Q^. Then z ®a ■ ■ ■ ®A ^ ^ QX- By the bimodule 
planar calculus, 



\/ 



v \/ 



Ox 



Z ®A ■ ■ ■ ® A Z 



\/ \/ 



In equations: 

Tt,{z)^ = Ti^{z ®A 



)A ^) = Tr°P(^ ®A---®A z) = Tr°P(z^" 



Taking n roots gives the desired result. 



□ 



Proposition 4.8. If H is extremal and z G Q^, then '^/^ R*^zRfs = Xla -^a^-^a ^'^'^ 



Proof. Immediate from Propositions 3.11 and 3.14. 



□ 



4.2 Rotations 

Definition 4.9 (Inspired by [Bur03]). A Burns rotation is a map p: Pn ^ Pn such 
that for all ( G Pn and 6i, . . . , 6„ G -B, 

(p(C), 6l ® ■ • • ® &„) = (C, &2 ® ■ ■ ■ ® &n ® (3) 

An opposite Burns rotation is defined similarly: 

Remark 4.10. Note that if such a p exists, it is unique, and p" = idp„. In this 

case, = ■ 

Theorem 4.11 (Essentially due to [Bur03]). If p = ^iiLpR*p converges strongly 
on Pn, then p is a Burns rotation. Similarly, if p°P = RaL*^ converges strongly 
on Pn, then p°^ is an opposite Burns rotation. 



Proof. We must show that p preserves P„ and that p satisfies Equation (3). The 
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latter follows from: 



On) — 2_^\^i ^P^pK'^l ^ 


■ ■ On)/ 






■ ■ (g) 6„ (g 


3/3) 








■ ■ (g) 6„ (g 


3/3) 



= 5^(C,&2®---®&„®/3(/3|6i)a) 

Now p is independent of the choice of {/3}. In particular, for any u E U (A), {uf3} is 
an if^-basis, and 



J2hR*A u* = J^L^^KpC = P(C) e Pn. 

V /3 / /3 



□ 



4.3 Diagrammatic representation of the Burns rotation 

For this section, we assume the Burns rotation p exists on P„ for all n > 0. Recall 
for all A; > 0, p"^ = (^"p)^ 

Notation 4.12. For ( e Pm+n, we denote p"'(C) = (p°p)"(C) e Pm+n by moving 
m strings around the bottom counterclockwise or by moving n strings around the 
bottom clockwise: 




m In 



P"(C) = (P°^)"(C) 



Proposition 4.13. If rj e Pm and ^ G P„, then p^{7] ® i) = ^®r]: 





n \m 



Proof. Suppose a G and /3 G -B". Then by (1) of Lemma 3.24, 

® 0, /3 ® «) = ® « ® /3) = ((«l^)Ae, /3) = {U{t1, «), /3) = (e ® r^, /3 ® «). 

□ 
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Definition 4.14. For < j < m, define : P„i x P„ ^ Pm+n by iJ,j{r],$,) 
p~''{p'{rj) ® ^). We represent fij diagrammatically as follows: 



m-j 



Well-definition of this diagram relies on the following proposition. 

Proposition 4.15. The /li's are associative, i.e., if a & Pj^, rj & Pm, and ^ & Pn 

and i < i, j < m, then 

Proof. Suppose a e B^-\ /3 e 5™-^ 7 e 5", 5 e B\ and e e B\ Then 



{ln{K,iij{r),£,)),a 



= (8)p~-''(p^'(?7) (g)^),e(g)a0/3 7(g)5) 

= {p~^ (p'iv) O ^) , (p'(k)|£)aQ! ^ O 7 ^) 
= 0^,5® (p'(K)|£)AaO/907) 

= (t?, {p\K)\s)Aa^l3A{7,0®S) 

= (/9*(k) ® r],e(X)a(8)^>i(7,0 «"^) 

= (p^ (p' («) r/) , (5 (g) e O a (g) ;3a (7, ) 

= {p' {p\k) (g) 1]) (E)^,S(g)e(g)a(g)/3(g)'j) 

= {p~'~^ {p'^^ {p'~'^{p\n) ®ri))®^),a®(3®-i®5®e) 

= {pi+j{pi{K,ri),£,),a® P®^®S®e). 



□ 



Corollary 4.16. P. naturally forms an algebra over the operad generated by the 
unshaded, oriented tangles 




for m,n >0 up to planar isotopy. 

The Burns rotation is also compatible with the BP-algebra Q+. 
Theorem 4.17. 
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(1) For all C e Pm+n and x e Qm, and y e Qn, ®a y)0 = {y ®a a;)p"(C)-- 







(2) If p is unitary, then for all ( G Pm+n and x E Q^, andy E Q^, {y®Ax){(jJpn(^) 
{x (g)Al/)(wc).- 




C 



|m 

X 



c 




Proof. 

(1) For r/ G 5" and ^ G fi'", 

(p"((a; ®A1/)C),^®0 = ((a; ®Ay)C,e®^) = (C, (a;* ®Al/*)(e®^)) 

= (C, ® {y*r^)) = (p"(C), {y*v) ® (a^*e)) 
= ((y ®Ax)p"(C),r7®0- 

(2) Pick (xj) C si'iid C with Xi x and ?/j y. Then by (1), for all i, 

{y, ®AX.)K.c) = Wiyf" ®Axy')p-C\\l = ||p"((xj/^ ®Al/f )C)II^ 

= \\ixy' 0Ayy')c\\i = {x. ®A%-)K)- 

We are finished by Theorem A. 13, since Xi®Ayj x^aV and yj^A^i V^aX- □ 

Remark 4.18. When the operads for P, and interact as in Theorem 3.28, we 
may remove closed subdiagrams and multiply by the appropriate scalar in [0, oo] by 
Corollary 4.16 and Theorem 4.17. 



4.4 Extremality implies the existence of the Burns rotation 

We will show in the next lemma and theorem that (approximate) extremality implies 
the existence of a Burns rotation. The intuition comes from the bimodule planar 
calculus. In diagrams, for the extremal case, we have: 
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Although these diagrams are not yet well-defined, they tell us how to proceed. They 
become well-defined after the Burns rotation exists by Theorems 3.25 and 4.17. 

Lemma 4.19. Let Pn be the projection in B{H"') with range Pn- 

(1) If H is approximately extremal with constant A > 0, then 

^PnRf}R}Pn^ < y^'^Pn and ^^p„LqL*p„^ < A""Vn- 

(2) If H is extremal, then on P„, Y^pPuRpR^Pn = Pn = Y^aPn^aL^^Pn- 
Proof. 

(1) We prove the first inequality. Note that R*pC E D{aH''~^), and RiR}C) = 
RpR{C): L'^{A) — 7- Since H is (approximately) extremal, so is H^^^ with 

constant A"~^, and 

J2PnRpR}Pn] C,C) = E II^KIl2 = J2^^A {a{R}C R}0) 

= 5^Tr°„P , {RlRiORiCTRp) = TrZiTn-iiRmiCT) 
< A"-^Tr„_iT„_i(L(C)L(C)*) = A"-^ Tr„(L(C)L(C)*) 



A 



ri-l||All2 



((A'^-X)C,C). 



(2) As A = 1, by (1), 



Y.PnRpR^iPr}! C,C^ = (C,C) 



for all ( E Pn, and the result follows from polarization. 



□ 



Theorem 4.20. Suppose H is approximately extremal. Then p = Yp^pRp 
verges strongly on Pn. Moreover if H is extremal, p is unitary. A similar result 
holds for p°P = Ea^«^;- 

Proof. We begin as in the proof of Proposition 3.3.19 of [Bur03], but as we do not 
have Jones projections, we use Lemma 4.19. 

Suppose ( E Pn, and enumerate = {AjigN. We will show 



— )■ as r, s — )■ oo. 



First note that the infinite matrix {L*p_,Lp^) is a projection, so it is dominated by 
1 = Hence each corner (L^^L^.)*^-^^ is dominated by 1 = and 



2 1,3=^ 
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We need to show that the right hand side tends to zero, which is certainly true if 
the infinite sum ||-R^CIl2 converges. But this follows immediately from Lemma 
4.19. Hence p converges and < v^A^^ (where A is the approximate extremality 
constant). If A = 1, then ||p|| < 1 and p" = idp„, so p is necessarily isometric and 
thus unitary. □ 

4.5 Symmetric bimodules and a converse of Theorem 4.20 

To prove a converse of Theorem 4.20, we need additional structure on H due to 
Example 5.3. 

Remark 4.21. For the rest of this section, we assume H is symmetric (see Remark 
3.5). 

Lemma 4.22. For a//r/,^G5", {v\Oa = a{Jv, JO- 
Proof. Suppose ai,a2 ^ ^- Then 

{a{Jv, JO^i^^i) = {JR{Jri)*R{J0Jai,a2) = {a^, RiJr])* R{J^)al) = {a^Jri^alJE) 
= {J{ria2),J{iai)) = (^01,7702) = ((t]!^^^!, 02)- 

□ 

Definition 4.23. Using Lemma 4.22, we define an algebra structure on 5" ®a -B" 
as follows: if rii,ri2,^i,^2 £ -B", then 

(^71 ® ^i)(^2 ® 6) = Vi{J^i\V2)a ® 6 = ^71^(^1, JV2) ® 6- 

Proposition 4.24 ([Sau83, H089]). The map 5" ®a B"" ^ Cn by t] ® Jn^ ^ 

L(ri)L{S)* gives a *-algebra isomorphism onto its image, and it extends to aCn — Cn 
himodule isomorphism On'- H"^^ — )■ L^(C„,Tr„). The same result holds swapping op. 

Proof. The map is well defined as it is A-middle linear: 

r]a ® Jni ^ L{r]a)L{^y = L{7])aL{0* = L{r])L{^a*y and 
7] ® aJn^ ^ L{7])L{Jn{aJnOr = L{r])L{^a*y. 

The map clearly preserves the multiplicative structure and is isometric by construc- 
tion. If r]i,r]2,^i,^2 e -B", then 

(L(r/i)L(6)*, L{v2)mr)LHc.,Tr„) = Tr„ (L(6)L(r^2)*L(r/i)L(ei)*) 

= Tr„ {L{^2){V2\r]i)Amr) 

= Tr„ m2{v2\vi) A)mr) 

= {^2{r]2\rii)A,^i)H" 

= {Jn^U Jni^2{V2\Vl)A))H" 

= {Jn^l, {Vl\V2)AJn^2)H" 

= iVl ® Jn^l, V2 ® Jn6)H2"- 

Hence it clearly extends to a C„ — Cn bilinear bimodule isomorphism. □ 
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Corollary 4.25. Cn-k ^ Cn ^ Cn+k is standard (isomorphic to the basic construc- 
tion) for all n, k > 0. 

Proof. By Remark 3.9 and Proposition 4.24, 

J2n{Cn-k ®A idn+fc)'-^2n = -^2n(idn-fc ®AC'^+A:)^2n = Cn+k ®A idn-fc • 

□ 

Lemma 4.26 ([Bur03], Theorem 3.3.13). Let N he a von Neumann subalgebra of a 
semifinite von Neumann algebra M with n.f.s. trace Ttm- Then 

-IMl2 



(1) N'nL\M) = N'nuTrJ 



(2) {N' n L^(M))-'" = [A^, Uti-m] ^ > closure of the span of the commutators in 
L\M). 

Remark 4.27. By Proposition 4.24 and Lemma 4.26, 9^ yields an isomorphsim 

P2n = A' n ^ ^' n L\Cn, Tr„) = A'nuTrJ''"' = CTfTt^"'"' = L2(Q„, Tr„) 
of Qn — Qn bimodules. A similar result holds swapping op. 

Theorem 4.28. // p exists on P2n, then is approximately extremal. If p is 
unitary, then is extremal. 

Proof. The main step is to show the following lemma, whose proof is essentially the 
same as in [Bur03]. 

Lemma 4.29 (3.3.21. (ii) of [Bur03]). If p exists on P2n, then for all x G C°PnnTr„, 

p"(^^i(x)) = e-\Ux)) e C°P n nTr„. In particular, C°p n niv„ = nTr°p n nTr„. A 
similar result holds swapping op. 

Using this lemma. Burns' proof shows Tr°'' < Wp^W Tr„ on Q^. Suppose z & Qn- 
If 1in{.z*z) = oo, we are finished. Otherwise, z G C°p fl nTr„ = ^Tr"^ ^ "^Tr„5 and 

Tt°J'{z*z) = TTnOjn{z*z) = Tr„(j„(z)*j„(z)) = (jr,{z),jn{z)) 

K\U^))Xn\U^))) ^ = {p'\0-\z)),p-i9-\z)))^^^ 
= llp"(^^„-^(^))llk < IIPini^n^(^)llk = IIP"f ll^lli^(Q„,TM 

= ||p"f Tr„(z*^). 

Similarly Tr,„ < ||p"||^ Tr°P on Q^, and iJ"" is approximately extremal. In particular, 
if lloll = 1, is extremal. □ 



Remark 4.30. Theorem 1.4 now follows immediately from Theorems 4.7, 4.20, and 
4.28. 
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5 Examples 



Example 5.1 (Bifinite bimodules). In the case that if is a symmetric, bifinite 
A — A bimodule, then the BP-algebra structure encodes the C*-tensor category 
whose objects are the sub-bimodules of if" for some n and whose morphisms are 
intertwiners. 

Example 5.2. Suppose Aq = A G B = Ai is an infinite index inclusion of J/i- 
factors. Then H = L'^{B) gives an A — A bimodule. In this case, letting An+i be 
the n^^ iterated basic construction of An-i C A^, we have 

. if"^L2(A„,Tr„), 

• Cn, C°P is the left, right action respectively of A2n, and 

• Q„ = A[) n A^n. 

Theorem 1.4 was proven for this case by [Bur03]. 

Example 5.3. Suppose A is a J/i-factor, and a G Aut(A). Define H^j = Ai^^(^)o-(A) 

by abc = aba{c) for all a, b, c, G A. Suppose that a is outer and not periodic, and 
cr"' is outer for all n G N. Then iJ" = Hf^n is extremal and P„ = (0) for all n > 1. 

Example 5.4 (Group actions). Suppose G is a countable i.c.c. group, and tt: G — )■ 
U (K) is a unitary representation. We can define two bimodules: 

(1) H = K ®c i'^(G) where the left action is given by the diagonal action tt ® A and 
the right action is given by 1 ® p where A, p are the left, right regular representation 
of G on i'^{G). Hence K ®c i'^{G) gives an A — A bimodule where A = LG. Then 
we may identify 

where we write i^'" = i^®c"^ ^j^j ^j-^g jgft action is the diagonal action vr" (8) A and 
the right action is 1„ ® p. It is clear that projections in Q„ correspond to LG — LG 
invariant subspaces of if ". Every G-invariant subspace of i^" yields such a subspace, 
but in general, they do not exhaust all possible subspaces. 

(2) To fix this problem, we use an idea of Richard Burstein and add a copy of the 
hyperfinite JJi-factor R. Suppose a: G Aut(i?) is an outer action, so A = i? x^G 
is a /Ji-factor. Set H = K L"^ (R) ^ci"^ (G) , and consider the left and right actions 
where 

ri(A; ® (g) 6g)r3 = k® rir2a~^{r^) (g) 5g 
gi{k®r® Sg,,)g3 = (ng^k) (g) ag^{r) O Sg^g^g., 

for r,ri E R and g,gi E G for i = 1,2, 3. Hence g E G acts on the left by tt^ ® (g \g 
and on the right by 1 (g 1 (g pg. Then similarly we may identify 

if" = fC" ®c L\R) ®c f{G). 
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Theorem 5.5. For A = R ys^ G and if" as above, A — A invariant subspaces of 
jjn Qorrespond to G-invariant subspaces of K^. 

Proof. First, if Lq C is a G-invariant subspace, then Lq ® L'^{A) is an A — A 
invariant subspace of H"^. 

Now suppose L C H"^ is an A — A invariant subspace, and let p G Qn be the 
projection onto L. Note that 



p E ylK" 'S)Rj n l^lx" ® A°^ 

= (^B{K'') ® {R! n j n ® A 

= B{K'') ® {R! nA) = B{K^) ® 1^2^^)- 



Hence there is a g G B{K^) such that p = q® '\^l'^{a)- But since q commutes with 
the left G-action on i/", we have q G 7r(G)' H B{K'^). □ 

Corollary 5.6. A — A invariant vectors of correspond to G-invariant vectors 
ofK"". 

Example 5.7 (Group-subgroup). Suppose Go C Gi is an inclusion of countable 
i.c.c. groups, and let K = f'iGi/Go). As in Example 5.4, we consider two cases: 

(1) Aq = LGo, Ai = LGi, andH = K ®c i\Gi). 

(2) Ao = Ryi Go, Ai = RyiGi, and H = K ®c L'^{R) ® ^^(Gi). 

Note that in either case, iJ" = L^{An+i), where An+i = JnA'^-iJn is the basic 
construction of An-i C A^. As in the usual subf actor treatment, we can consider 
if" as an Ai — Aj bimodule for i,j G {0, 1}. 

Theorem 5.8. Let Gi = S^o, the group of finite permutations ofN, and let Gq = 
Stab(l) be the permutations which fix 1. Let Aq = R xi Gq and Ai = R xi Gi, and 
let H = K ®c L'^{R) (8>£^(Gi) as in (2) of Example 5.7. Then considering as an 
Aq — Aq or as an Ai — Ai bimodule, we have that dim(Q„) < oo for all n G N. 

Proof. Since A', fl A^ ^ A^^^ n Aj+2 for all i, j > by [EN96], it suffices to show 
that dim(A; n Aa^+i) < oo for all n > 0. Also by [EN96], 

a; n A2„+i = End^,_A,(L2(A„+i)) = EndAi-Ai(^"). 

By Theorem 5.5, Ai — Ai invariant subspaces of if" correspond to Gi-invariant 
subspaces of K^. The result now follows by [Lie72]. □ 

Corollary 5.9. The infinite index Ili-subfactor i? x Gq C i? x Gi for Gq = 

Stab(l) C 5*00 = Gi has finite dimensional higher relative commutants. 

Theorem 5.10. Suppose Gq C Gi and K are as in Example 5. 7 such that [Gi : Gq] = 
oo and #Go\Gi/Go = 2. Then 
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(1) the space of Go-invariant vectors in is one dimensional, and 

(2) zero is the only Gi-invariant vector in K"-. 

Proof. Let {gi}i>o be a set of coset representatives for Gi/Gq with qq = e. Since 
^Go\Gi/Go = 2, for i,j > 1, there are hij G Go such that hijgiGo = gjGo. 

(1) Suppose 

h,...,in 

is Go-invariant. Then since tt/i. ^ = ^ for all i,j > 1, we must have Xi^^...^i„ = unless 
ij = for all J = 1, . . . ,n. (Otherwise, there would be infinitely many coefficients 
which would be nonzero and equal, a contradiction to ^ e = £^((Gi/Go)"').) 
Hence ^ G span{(5Go ® • ■ • ® ^Gq}- 

(2) Since ® ■ ■ • ® <^G() is not Gi-invariant, the result follows from (1). □ 

Corollary 5.11. Let Gq = Stab(l) C = Gi. Let = _R x Gj for i = 0, 1, and 

let K = e{Gi/Go). 

(1) When we consider H = K®cL'^{.R)®c^'^{.Gi) as an Ai — Ai himodule, Pn = (0). 

(2) When we consider H = L'^{Ai) = L^{R) ^^(Gi) as an Aq — Aq himodule, 

= L^An) = i^"'^ ®c L\R) ®c ^'(Gi), 
and for all n >0, Pn is one- dimensional and spanned by 

n 

1®---®! G (g)L2(Ai) = L2(A„). 

In joint work with Steven Deprez, we have shown an even stronger result: 

Theorem 5.12. The algebras Qn for the bimodules in (1) and (2) in Example 5.7 
are finite dimensional, and the dimensions grow super-factorially. 

Corollary 5.13. The infinite index I Ii-subf actor LGq C LGi whereGo = Stab(l) C 
5*00 = Gi has finite dimensional higher relative commutants. 

A Relative tensor products of extended positive 
cones 

Notation A.l. For this section, let Ha be a right Hilbert A-module, aKb be a 
Hilbert A — B bimodule, and bL be a left Hilbert i?-module where A, B are finite 
von Neumann algebras. We write: 

• x = {A°py nB{H), 

• aK when we ignore the right 5-action, 

• Yo = A'r]B{K), 
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• Y ^ A' r\{B°py r\B{K), 

• Z^B'r]B(L), 

• X <SiA Yo — y\x e X and y e Yq}" , and 

• X (^aY i^B Z ^ {x i^aU <^B z\x e X, y eY, and z e Z}". 

The goal of this section is to define the operator x^aV ^ {X ^a Yo)~^ for x G X+ 

and y e 1^"^ such that certain properties, e.g., associativity, are satisfied. 

The next three lemmata are straightforward, but we include some proofs for 
completeness and for the convenience of the reader. 

Lemma A. 2. Suppose x G and {xi)i^i C M+ is a directed net, with Xi < x for 
all i & I. The following are equivalent: 

(1) Xi ^ X strongly (if and only if a -strongly as ||a;j||oo < ll^lloo for alii) 

(2) Xi ^ X weakly (if and only if a -weakly as ||a;j||oo < ll^^lloo for all i) 

(3) Xi X, i.e., Xi{uj^) x({jj^ for all ^ & H , 

(4) Xi{u!^) ^{^i) for all ^ in a dense subspace D of H. 

Proof Clearly (1) (2) (3) (4). 

(3) ^ (1): Suppose {x - Xi){oj^) for all ^ e H. Then \\^yx - Xi^y 0, so 
y/x — Xi — > strongly. Hence — >■ x strongly as multiplication is strongly continu- 
ous on bounded sets. 

(4) =^ (3): Choose an orthonormal basis {e„}„>i C D for H. Suppose ^ = A„e„ G 
\ {0}, and let £ > 0. Then there is an A'" > such that 



lelkll^oolieil^ 



n>N n>N 

For n = 1, . . . ,N, there are in & I such that i > in implies 

e 



\{ix - Xi)Xnen,0\ < 11(2^ - a^OAnCnlbll^lb < 



2n+l 

Now choose i' > i„ for all n = 1, . . . , A?". We calculate that for i > i', 

N 

{X - Xi){uj^) = {{X-Xi)^,^) <^\{{X- Xi)Xnen,0 \ + lii^ - Xi)^N:0\ 

n=l 

N N 

^ E ^ + K^^^'^)l + < E ^ + 2|kl|oo||eiv||2||el|2 

n=l n=l 

As e was arbitrary, we are finished. □ 
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Lemma A. 3. If x,y G M"*", and {xi)i^j, {yj)jej C are directed nets of increas- 
ing operators such that 

• any two elements in {x,y} U {xi\i G /} U {yj\j G J} commute and 

• Xi X and yj y, 

then Xiyj xy (and Lemma A. 2 applies). 

Lemma A. 4. Suppose x G X and y eYq. Then x ®a U '■ H ®a K ^ H ®^ K given 
by the unique extension of C,^ri (x^) ® (yrj) where ^ G D{Ha) and rj G D{aK) is 
well-defined and bounded, and \\x y\\oo < i|a;i|oo|||/||oo- Hence the *-algebra map 
X 0c y ^ X <^A y is a binormal representation of X ©c Yq on H ®a K . 

Proof. 

(1) Fix ^1, . . . , ^fc e D{Ha) and r]i,...,r]k G D{aK), and let ^ = (^i, . . . , ^k) and 
T] = {r]^ . . . ,T]k). Since the matrices m = {A{yr]i,yVj))i,j,n = {{^j,^i)A)i,j e Mk{A) 
are positive (see Lemma 1.8 of [Bis97]), we have 

2 k 



k 



I oo II y II oo 



i=l 



(2) That X I—)- X Ik is a normal representation of X follows from the density of 
D{Ha) ®a K and (4) of Lemma A. 2. Similar for y 1h ®a 2/- □ 

Notation A. 5. Let B be the Borel cr-algebra of subsets of [Ok, oom]. For a spectral 
measure E: B ^ f{H), we use the conventions Ex = E{[0,X]), so E^o = 1, and 
E°° = E{{oo}) (in general, our spectral measures on B have non-trivial mass at oo). 

Lemma A. 6. Suppose E: B ^ P{^) C B{Ha) is a spectral measure. Suppose 
f : [0,oo] — )■ [0, oo) is a bounded Borel-measurable function, and {ipn) is a sequence 
of positive simple functions increasing pointwise to f . Then 



/ f{\) dEx :=snp ^n{\)dEx 

Jo n Jo 



is well defined. 
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Proof. Suppose ^ ^ H. Then as is normal, cj^ o £" is a Borel measure, and 



/(A) d{u^{Ex)) = sup / <^„(A) d{u^{Ex)) 

n Jo 

is independent of the choice of positive simple functions <^n increasing to /. □ 
Proposition A. 7. Suppose 

E:B — > P{X) C B{Ha) and 
F:B-^P{Yo)gBUK) 

are spectral measures. 

(1) The map E®aF:B®B — > P{X ®a Yq) by 

(Ji, h) ^ [ d{Ex ®A F^) := E{h) ®A F{h) 

extends uniquely to a spectral measure by countable additivity. 

(2) Ifip,tp: [0, oo] — )■ [0, oo) are positive simple functions, then 



OO /'OO 



(3) If f,g are bounded, B -measurable functions and (v^m), (V^n) are sequences of pos- 
itive simple functions increasing to /, g, then 



oo /"OO 



sup 

m.nJo Jo 



VmWMf^) d{Ex Ff,) = (^J^ /(A) dEx^ ®A (^^ gifi) dF^j e X ®a Yq. 



Proof. 

(1) One simply needs to check countable additivity (pointwise on H ®a K), which 
follows from countably additivity on products of intervals, which is straightforward. 

(2) Obvious. 

(3) Immediate from (2) together with Lemmas A. 3 and A. 6. □ 

Lemma A. 8. The relative tensor product of spectral measures as in Proposition 
A. 7 is associative, i.e., if 

E:B-^P{X)cB{Ha), 

F: B — > P{Y) C B{aKb), and 

G:B^ P{Z) C B{bL) 

are spectral measures on B, then {E 0^ F) (g)^ G = E {F ®b G)- Moreover, 
if f,g,h: [0, oo] — )■ [0, oo) are bounded B -measurable functions, and {(pm) , (ipn) , ilk) 
are positive simple functions increasing to /, g, h respectively, then 



oo /.oo /"OO 



sup / / / ip,nW-ipn{fl)ji{iy) d{Ex ®A F^ ®B G^) = 
m,n,kJo Jq Jq 

/(A) dEx] ®a( I dF^ ®b( I h{v) dCA X ®aY 
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Proof. Immediate from associativity of the relative tensor product and Proposition 
A.7. □ 

Definition A. 9. Suppose x G X+ and y G Fq^ have spectral resolutions 



X 



X dEx + ooE°° and y 



[0,00) 

(recall Notation A. 5). Then 



[0,00) 



E:B^ P{X) C B{Ha) and 
F:B^P{Yq)(ZB{aK) 

are two spectral measures as in Proposition A. 7. For m, n G N, set 



X dEx + mE°° and y„ 



fidF^ + nF'^. 



' [0,m] J [0,n] 

Applying Lemma 2.23 to the directed set 

^ = {Xrn ®A yn\m, U EN} C (X 0A Yo) + , 

we get a positive, self- adjoint operator affiliated to X 0^ Yq and densely- defined in 
an affiliated subspace of X 0^ Yq. We denote this operator as x V- 

Remark A. 10. Assume the notation of Definition A. 9. When we work with x^aV, 
it helps to consider the following 3 projections: 



Po = {Eo®A Ik) V (Ih^Fo), 



Pc 



l~Eo) 1 + ( ^°°®4 fl-Fn 



and 



Pf = sup Ex ®A F^ = {1~ E^) ®A (1 - F^), 

X,fj.<oo 

which we should think of as having the following "supports" given by the shaded 
areas in [0^, oo^]^ below: 



oo 
V 



Po= 

V 




, p. 



oo 
V 

oo /i 

V 




oo 
V 



V 




< A <oo 



< A <oo 



< A <oo 



» These three projections commute with x ®a y- 

» Dom((x ®A yY^"^) C (1 — Poo)iH ^A K), and {x ®a — Poo) is densely defined 
on {l~p^){H ®A K). 
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• (x ®A y)Pf = sup^„<^ /p^^j /p^^j Xfid{Ex ®A Ff,). 

• {x ® A y)po = 0. 

Lemma A.ll. Let x G X+ and y G Vo^' ^'^^ assume the notation of Definition 
A. 9 and Remark A. 10. Suppose x' G y' G 1^"^ mt/i x' <x and y' < y. Then 

(1) (x' ®A y')po = poix' ®A y') = 0, 

(2) for allien (g)A K, {x ®a y){^d = ®A y)(a;(i-po)c)' ^"^^ 

(3) x' ®Ay' <x ®A y- 

Proof. 

(1) Suppose ri G D{{EqH)a) and /« G /^(a^) (recall e ^ and G Fq)- Then 
since x' < x, we must have 

||(xy/^?7||^ = {x'r],7]) = x'{Ur^) < x{Ur,) = x{uEor,) = xEo^Ur,) = 0. 

But this implies x'rj = 0. Hence we have 

(x ®A y'){r]®K) = 0. 

Similarly, for all t] G D{Ha) and k G L)(a(-Fo-^)), {x' ®Ay'){'n®ti) = 0. By density of 
D{Ha) ®aD{aK), we have (x' (g)A y')Po = 0. Taking adjoints gives Pq{x' ®a v') = 0. 

(2) By (1), for all m,n> 0, po{xrn ®a yn) = {xm ®a yn)po = 0, 



so 



{X ®A y){uj^) = SUp(Xm (g)A yn){uj^) 
rn,n 

= sup ( {Xm ®A ?/„)(W(l_po)€) + ((^™ ®A yn)PoC,PoO 
m,n \ 

+ {{Xm ® A |/n)PO^, + {{Xm ®A l/n)^7 PoO^ 

= sup(xm (g)A yn)(c^(i-po)5) = ®A l/)(a;(l-po)5)- 

m,n 

(3) By (2), it suffices to show that for all ^ G Dom((x ®a 1/)^^^) with ^ = p/^, 



Fix such a ^, and let e > 0. As i?A ®a -^a* strongly as A, ;U — )■ oo from below, 

there is an A > such that for all X, fi > N, 

Pfix' ®A y')Pf - {Exx'Ex ®A F^y'E^) ] (u^) < e. 



41 



Since x' < x and y' < y, we have Ejyx'Ejy < xEjy, Fj^y'F]\r < yF^ by Lemma 2.21, 
so Enx'En ®a F^y' Fm < xE^ ®a vFn as all these operators mutually commute. 
Hence 

Pf{x' (g) y')pf I (cu^) = I po(a;m ®a yn)Po - {Enx'En ®a F^yEN) I (w^) 



+ {Enx'En ®a FNy'FN){uj^) 
<e + {xEn <^a yFN){u£) <e + {x®A y){^d- 

Since e was arbitrary, the result follows. □ 

Lemma A. 12. Suppose {x'^)j^j C X+ increases to x E X+. Suppose p,q ^ 

are spectral projections of x such that p + q = 1. Then {x'jp^,q^) — ?■ for all 

^ G Dom(s^/^). 

Proof For = 0, 1, 2, 3, + z'^g^ G Dom(xi/2) C Dom((x^.)^/2) ^11 j G J. Since 
x'j increases to x, by polarization 

]im{{x'jY^^p^, {x'^f^qi) = lim - ^ i^x'^{ujp^+ikq^) = - ^ ^^^^(Wp^+ife,^) 

= {x'/^p^,x'/'qO = 

as p, g commute with x^^"^. □ 

Theorem A. 13. Let x G X+ and y G VJ/'' assume the notation of Definition 
A. 9 and Remark A. 10. Suppose there are sequences (x^) C (y!^) C Y^^ which 
increase to x, y respectively. Then x'^ y'n increases to x (8>a y- 

Proof. 

Case 1: Suppose ^ ^ Dom((x ®a 1/)^^^) and M > 0. Since sup„„Xm®AZ/n = x^aU-, 
there is an A^'o G N such that for all m,n > Nq, {xm ®a yn){^^) > M. Since poC, ^ ^ 
by Lemma A. 11, we must have 

{1h ®a {Ik - Fo))^ ^ and ((1^ - ^o) ®a Ir)^ 0. 

Claim: There is an A^i > A^o such that {x'^ ® 1^^)^ ^ ^ (1^ ®a y'n)^ for all 
m,n > Ni. 

Proof. We prove the second non-equality. Suppose not. Then for each n > 0, there 
is an > n such that (1 y'k)^ = 0. But then 



so {1h ®a y'n)^ = for all n e N. Since {1h ®a (1 - i^o))^ 7^ 0, and L'(ifA) ®a 
L)(a((1 - -^0)-^)) is dense in H ®a {{^k - Fo)K), there is an r/ G D{Ha) such that 
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I/*^ G {{Ik — Fq)K) \ {0} and L^L*^ < Ih ®a ^k- Now since increases to y, and 
y{(jjL*^) > 0, there is an A^' > such that for all n > N', 



a contradiction. □ 

Choose A'^i as in the claim, and suppose n > Ni. Let {ai} C D{aK) be an 
^fC-basis, and let rj = {Ih ®^ {vniY^"^)^ 7^ 0, and note {xn-^ ®a > M. Then 



so there is an > such that 

M < ^{Ra,XN,R*a.){uJ^) = ^XN,{^R'^n) < ^x{ur*^^). 
i=l i=l 1=1 

Now as x'^ increases to x, there is an > Ni such that m > implies 
M < Y,x'^{un,J = J^{R^,x'^R*J{u,) < J2{R^^x'^R*J{u,) 

1=1 i=l i 



X'rr, ®A Ik) Ra,R*a}j ^ (^^r,) = {x'^ ® l/7Vi)(w5). 

Repeating the above argument for y'^ yields an N4 such that m,n > N4 implies 

M < {x'^(g)Ay'n){uJii). 

Case 2: Suppose ^ G Dom((x ®a vY^'^)- Then ^ = (1 — Poo)C We want to show 
sup(a;'„ (g)A y'n){^i) = {x (S)A = sup(x„ (g)A 

m,n m,n 

SO by Lemma A. 11, we may assume ^ = (1 — Po)C,, and thus ^ = pfC,. Let e > 0. 
Since 

Pf{x ®Ay)pf = sup xEx^AyF^, 

X,fj,<oo 

there is an A^^q G N such that for all A, /i > A'q, 

e 



X (g)A y) - {xEx ®A yFfj) ] (cug) < ^. 



By Lemma A. 11, x'^ ®a y'n ^ x ®a U for all m, n, so using Lemma 2.21, we have 

x'm ®A y'n) - {Enox'„,En,,) ®a {FnoVuFno)]^ < ({x ®A v) ' {xE^^ ®a vEno)^ and 
EnqX'^Eno ®A ENoy'nENo < xEnq <®a yENo 
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by multiplying on either side by l^^^x — {E^^ ^aFnq) and E^^ ^aFnq respectively. 
Now since x'^, y'^ increase to x, y respectively, by Lemma 2.21, Enox'^Enq, Ej^j^y'^FN^ 
increases to xEj^^^^yEisi^ respectively. Thus Epf^x'^E^f^ ®a Ej^^^y'^E^^ increases to 
xE'atq ®a yENo by Lemma A. 3, and there is an Ni > Nq such that for all m, n > Ni, 

By Lemma A. 12, there is an N2 > Ni such that for all m,n > N2, 

Now we calculate that for all m, n > A'"2, 

(x (g)A y - «) y'Ji^^i) = (1 - <»a FNo)ix ®Ay-x'^® y'n){'^ - Eno '^a ^Vo)(t^e) 

+ - Eno (^A FNo)ix ®Ay-X^® v'n){ENo ®A FNo){'^d 

+ {En^ ®a Fno){x ®Ay-x'^® yJi)(lif«.A^ - Fno ®a Fn^){uj^) 

+ {Eno (glA FNo)ix ®Ay- x'„^ ® y'n){ENo "SlA ^Aro)('^«) 

< i{x<»Ay)- {xEno ®a yFNo) I (^c) 



+ - £^^0 ®A Fno){x'^ <»A y'n){FNo ®A £jVo)K)l 

+ \{En, ®a Fn,){x'^ ®a y'n){l - Eno ®A FNo){^d\ 

+ {{xEn^ ®a yFNo) - (FnoX'^Eno <S)A FnoVuFno)^ 



e e e e 
4 4 4 4 

□ 

Corollary A. 14. If x E X+, y G F+, and z G Z+ , then {x ®a y) ®b z = x ®a 

[y ®B z). 

Proof. Take sequences {xm) C C F^, and {z^,) C Z+ which increase to 

X, z respectively. Then 

{X ®A y)®BZ= sup {Xm ®A yn) ®B Z(, = SUp Xm ^A {yn ®B Ze) = X ® a {y ®B z). 
m,n,£ m,n,£ 

□ 

Corollary A. 15. If x,w G X+, y G , and X G [0, 00], then (Ax + w) ®a y = 

\{x ^A y) + {w ^A y)- 

Proof. Choose X+ 3 Xm,Wn x,w E X+ respectively and Fq^ 3 ye y E Yq^. 
Then (Xxm + Wn) ®Aye. = X{xm^Aye) + (wn^Aye), and the result follows by Remark 
2.22 and Theorem A. 13. □ 

By taking sups appropriately, and with a little more care. Lemma A. 11 and 
Theorem A. 13 can be generalized to prove: 

Theorem A. 16. Let x G X+ and y G Y^ . Suppose there are nets {xi)i^i C X+, 
{yj)jeJ C Fq^ which increase to x, y respectively. Then Xi ®a yj x ®a V- 
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B The operad BP 



To show the action of BP is well-defined in Theorem 3.18, we show each con- 
nected/internally connected BP-tangle has a unique standard form that behaves 
well under composition, analogous to the methods of [Penll]. The existence of this 
standard form is thoroughly sketched, and the behavior under composition is briefly 
sketched. 



Definition B.l. We will again deflne BP, an operad of unshaded, oriented tangles 
up to planar isotopy, but in more detail. First, we require for tangles T G BP 

• T has an external disk Dq and internal disks Di, . . . , Dg, each with an even number 
2ki of market boundary points and a distinguished interval marked *. 

• Each boundary point of T is connected to exactly one oriented string. Each ori- 
ented string is either a closed loop, or it is attached to two distinct boundary points. 

• For i = 1, . . . ,s, reading counter-clockwise from *, the strings attached to the flrst 
ki boundary points of Di are oriented away from Di, and the second ki strings are 
oriented toward Di, 

• Reading counter-clockwise from *, the strings attached to the flrst k^ boundary 
points of Dq are oriented toward Dq, and the second k^ strings are oriented away 
from Dq, 

BP is the operad generated by the following tangles: 

(1) For n > 0, the "Temperley-Lieb" tangle 1„ with no inputs and 2n boundary 
points: 



(2) For n > 0, the unique tangles with 2n + 2 internal boundary points 

and 2n external boundary points and only one right, left cap respectively: 



t-n+l 



I" O 



and 



(3) For m,n > 0, the tangles ®m,n with internal disks Di,D2 with 2m, 2n internal 
boundary points and 2{m + n) external boundary points as follows: 



m In 



m In 



(4) For n > 1, the tangles r„, r°P with two input disks, each with 2n internal bound- 
ary points, and no external boundary points such that boundary point m of input 
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disk Di is connected to boundary point 2n 
m = 1, . . . , 2n as follows: 



m + 1 of input disk D2 for each 



and r°P 



A tangle T G BP with disks {Di}^^Q and strings {S'j}*^]^ is called: 

• connected if {-Di}i=o ^ {'S'j}j=i is a connected in M^, and 

• internally connected if T has no external boundary points and {Di}^^^ U {SjYj^^ 
is connected in M^. 

Theorem B.2. T/ie following relations hold in ] 
Theorem 3.15): 

(1) tmtm+l ~ 

(2) ^e,m+n{ — , ®m,n( — , " )) = ®£+m,n(®£,m( — , —), —) , 

(3) ®m,„-l(-,t„(-)) = Wn(®m,n(-, -)) ®m-l,n (C (-) > 

and 



/or m,n > (compare with 



-)), 



(4) r^a{T,H,T2{-)) = r„(r2(-),ri(-)) anrfr°P(ri(-),r2(-)) = r7(r2(-),ri(-)) 
/or all Ti,T2 G BP wj) to reindexing internal disks. 

Proof. Clear by drawing pictures. □ 

Proposition B.3. If T E BP with external disk Dq and internal disks {Di}f^i, 
then the strings can only connect the Di 's in the following ways: 

(1) If Di is connected by a string to Do where 1 < i < s, then any other string 
connected to Di must only be connected to Di or Dq. 

(2) If Di and Dj are connected by a string where 1 < i,j < s, then no string of Di 
or Dj connects to Dq. 

(3) For each i = 0, . . . , s, if the string S connects boundary points m and n of Di, 
then m = 2ki — n + 1. Such a string is called an i-cap of T. We call the i-cap a 
left i-cap if when we connect boundary points n and 2ki — n + 1 by an imaginary 
string S' inside D^, the loop S U S' contains the distinguished interval of Di. The 
i-cap is a right i-cap otherwise. 

(4) If the string S connects boundary point m of Di to boundary point n of Dj where 
< < J < then there is a string S' connecting boundary point 2ki — m + 1 of Di 



to boundary point 2kj 



n - 



1 of Dj. Ifi>0, we call SUS' an i,j-cap ofT. In this 



case, if we connect boundary points m and 2ki — m-\-l of Di and boundary points n 
and 2k j — n + 1 of Dj by imaginary strings Si, Sj inside Di, Dj respectively, then if 
the loop S L\ S' U SiU Sj contains the distinguished intervals of Di and Dj, then we 
call the i,j-cap a left i,j-cap. Otherwise, the distinguished intervals of Di,Dj must 
lie outside S U S' U SiU Sj, and we have a right i,j-cap. 
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(5) Suppose there is a right (respectively left) i,j-cap where i ^ j. If S is the col- 
lection of all disks and strings which can be connected to Di or Dj through other 
disks and strings, then we may consider S as an internally connected tangle, and 
all k,i-caps in S (k i) must form concentric circles. (We will show in Theorem 
B.8 that all such k,i-caps are also right (respectively left) caps.) 



Proof. Clear by drawing pictures. 

Example B.4. The tangle on the left is in 
the tangle on the right is not: 



□ 



(see the proof of Theorem B.8), but 




Remarks B.5. The following are trivial observations about tangles T G 

(1) We may draw T such that each disk Di where z = 0, . . . , s is a rectangle with ki 
points on the top, ki points on the bottom, and the distinguished interval on the 
left. When drawing diagrams, we omit the disk Dq. 

(2) We may draw all strings which are not part of a cap of T (strings that meet Dq) 
as vertical lines, oriented upward. We will assume this orientation in the sequel. 

(3) If T G BP is connected, then no two internal disks of T are connected by a 
string. Hence it is possible to draw T such that each internal disk Di, i > 0, is the 
same vertical size and is on the same horizontal level. Moreover, the ordering of the 
internal disks from left to right is unique. 



Theorem B.6. Suppose T G BP is a connected tangle with s > input disks Dj, 
each with 2kj boundary points. Suppose further that T is in the form afforded by 
Remarks B.5, T has no strings which connect Dq to Dq, and that the Dj's are 
numbered from left to right in T. Then T can be written in a unique standard form 





(t°^ 


+ 1 ' ' 


j-op . 


' tmi' 


\-Vl+Wl ( )? 










+ 1 ■ ■ 


J-Op , 


' tm2- 


\-V2+W2 ( ); ■ ■ 










1 ■ ■ ■ 


^op , 


Vs-l + 1 ' 


trUs-i+Vs-i 




[- 






,op 


. . . +°P + 

+ 1 ^ms+Vs^ms^ 


\-Vs + l ' ' 


' t'lris+Vs+Ws ("" 


-))■■ 


)) 



such that for all j = 1, . . . , s, 

» rrij > is half the number of strings connecting Dj to Dq 
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• Vj > is the number of left caps on Dj, 

• Wj > is the number of right caps on Dj, and 

• rrij + Vj + Wj = kj . 

Moreover, using the relations in Theorem B.2, any composite of tk-,tf ■,®m,n for 
k,£,m,n > can be written uniquely in the above form. 

Proof. Clearly each tangle/composite can be written in such a form. For uniqueness, 
note that mj,Uj,Vj are completely determined by T, and the order of the ®m,n is 
given by "parenthesizing" the -D/s from right to left (use relation (2) of Theorem 
B.2). □ 

Corollary B.7. Each connected tangle T G BP in the form of Remarks B.5 can be 
written in a similar unique standard form where instead of some of the tangles 

,op ,op , , /_\ 

''rdj+l ' ' ' ^mj+Vj^nij+Vj+l ' ' ' l^mj+Vj+Wj \ ) ■, 

we have tangles 1^^ with the condition that we never see two 1^^. 's in a row, i.e., 

®^,m(l^,®m,n(lm, ■ ■ ■ )) Or ® s~l,s s~lA s) ■ 

This amounts to grouping as many vertical strands connecting Dq to Dq as possible, 
and treating them as a "labelled" input disk (as in [Jon99]). 

Theorem B.8. Suppose T G BP is internally connected and has at least two internal 
disks. Then the i,j-caps of T form concentric circles by (5) in Proposition B.3. Let 
Ci be the outermost i,j-cap ofT. There is a unique smallest n G N and two unique 
connected tangles 7i,72 G BP up to swapping such that: 

(1) if Ci is a right i, j-cap, T = t„,(7i(— ), 72(— )), and 

(2) tfC, zs a left t, J -cap, T = t°p{Ti{-),T2{-)). 

Proof. We prove (1). We give an algorithm to build 7i and T2 by partitioning the 
internal disks of T into two sets U and L, standing for "upper" and "lower." All 
z,j-caps of T will be between a. Di E U and a. Dj G L, and we will see they are 
all right caps. We form 7i by putting a box around the Di E U together with all 
"contractible" z-caps, and we form T2 by doing the same to the Dj G L. 
Before we describe the algorithm, we give an example: 
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Assume all input disks of T are rectangles as in Remark B.5. Reindexing the 
internal disks, we suppose Ci is a right 1,2-cap. Set U = {Di} and L = {D2}. 
Isotope the tangle so 

• Di appears above D2, 

• all strings connecting Di and D2 either go upward from D2 to Di with no critical 
points or are large arcs with only two critical points, and 

• all 1-caps and 2-caps which enclose Ci are large arcs with only two critical points, 
and all 1-caps and 2-caps which do not enclose Ci are close to Di and D2 respectively. 

We work our way inside to the next i,j-cap that is not a 1,2-cap (clearly all the 
1, 2-caps are right caps). If there are no other i, j-caps, we are finished. 

Otherwise, after reindexing, the next innermost z,j-cap C2 is either a 1,3-cap 
or 2, 3-cap, and all other strings connected to D2 or Di respectively are 2-caps 
or 1-caps which can be isotoped so they are close to D2 or Di respectively. We 
consider the case where C2 is a 1, 3-cap, with the 2, 3-cap case being similar. We set 
L = {D2,D3} (in the 2, 3-cap case, U = {DijD^}), and we note that C2 must also 
be a right cap as it is contained in Ci. We can also isotope the tangle so that 

• D2 and D3 appear on the same horizontal level by moving around C2, 

• all strings connecting disks in U and L either go upward from a disk in L to a disk 
in U with no critical points or are large arcs with only two critical points, and 

• all 1-caps which enclose C2 are large arcs with only two critical points (note that 
no 3-cap can enclose C2), and all 1-caps and 2-caps which do not enclose C2 are 
close to Di and D2 respectively. 

We work our way inside to the next i,j-cap that is not a 1,3-cap (clearly all the 
1, 3-caps are right caps). If there are no other i, j-caps, we are finished. 

Otherwise, after reindexing, the next z,j-cap C3 is either a 1,4-cap or a 3,4- 
cap, and all other strings connected to or Di respectively are 3-caps or 1-caps 
which can be isotoped so they are close to or Di respectively. We consider the 
case where the next cap is a 3,4-cap, with the 1,4-cap case being similar. We set 
U = {DijD^} (in the 1,4-case, L = {Di, D3, D4}), and we note that C3 must also 
be a right cap as it is contained in C2. We can also isotope the tangle so that 

• all disks in U appear on the same horizontal level by moving D4 around C3, and 

• all strings connecting disks in U and L either travel upward from a disk in L to a 
disk in U with no critical points or travel in large arcs with only two critical points. 

• all 3-caps which enclose C3 are large arcs with only two critical points (note that 
no 1-cap can enclose C3), and all 1-caps and 3-caps which do not enclose C3 are 
close to Di and respectively. 

We work our way inside once again. Iterating this process until we run out of i,j- 
caps, we see that all i, j-caps must be right caps. Moreover, we have partitioned our 
internal disks into two sets, U,L, and we can isotope T so that: 

• all disks in U and L appear on the same horizontal levels. 
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• any string connecting a disk G ?7 to a disk Dj G L travels upward from Dj to 
Di with no critical points, or travels in a large arc from Di to Dj with only two 
critical points, and 

• all i-caps for E U which do not enclose a k, £-cap are close to Di and all j-caps 
for Dj G L which do not enclose a k, i-cap are close to Dj. 

It is now clear that we can put boxes around the disks and caps in U, L as desired, 
and we are left with t„(7i(— ), 72(— )) for some n G N and some connected tangles 
7i,72 G BP. Note that the n is determined by the j-caps and the fc-caps which 
enclose an i,j-cap, and this n is minimal when all other £-caps are contracted so 
they are close to D^. Moreover, the only choice we made was the initial choice 
U = {Di} and L = {-D2}, but if we swapped U and L, we would have ended up 
with r„(72(— ), 7i(— )). Hence 71,72 are unique up to swapping. □ 

Corollary B.9. Each T G BP with no external boundary points and at least one 
input disk contains an internally connected subtangle of the standard form: 

(1) t°^ ■ ■ ■ t°Hr+itr^+2 ■ ■ - tk for somc < r < k, or 

(2) r„^+„2(Ti(-),7^(-)) or r°P+„2(7I(-),7i(-)) for some connected 7^,7^ G BP. 

Definition B.IO (Action of tangles in BP). We may now describe the action of a 
tangle T G BP on a tuple 

s 

If T is connected, we put T in the standard form afforded by Corollary B.7, label 
the inputs with the ZiS, and replace 1„ with id//^, tn^f^ with Tn,T°^, and (8>m,n 
with 

If T is not connected, then there are closed subtangles as in Corollary B.9. These 
closed subtangles will act as scalars in = Z{A)^ = [Ok, 00^], and the order of 
scalar multiplication does not matter, so it suffices to define the scalar given by a 
single internally connected subtangle. 

First, closed loops count for a multiplicative factor: 

dim_A{H) = Ti(l) = and dimA-(i^) = T°p(1) = >Qi . 

Suppose iS is a closed, internally connected subtangle of T with only one input disk. 
Then we put S in the standard form of (1) in Corollary B.9, label the tangle by Zi, 
and replace tnyf^ with T^^T^. 

If 5 is a closed, internally connected subtangle with more than one input disk. 
Then there is a right (respectively left) i,j-cap, we have unique connected 81,82 G 
BP such that S = Tn{Si{-) , S2{-)) (respectively S = 7:°p(5i(-), 52(-))) by Theo- 
rem B.8. Now we replace r„ with Tr„ (respectively r°P with Tr°''), and we get the 

action of Si,S2 as above to get Wi G Q^_^,W2 G Q'l^, and we use Theorem 2.14 to 
get the value TTn{wi ■ W2) (respectively Tt^{wi ■ W2))- 
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Hence we have defined the action of any tangle in BP. To show the action is well- 
defined (well-behaved under composition of tangles), one uses methods of [Penll] to 
show that the standard forms of connected and internally connected tangles given 
in Corollaries B.7 and B.9 and the maps given in Subsection 3.1 behave the same 
under composition by Theorems 3.15 and B.2. We briefly sketch such an argument. 

First, it suffices to consider the composites 7^ T, T' Oj T, and S oj T of 
7l,S,T' ,T G BP such that 71 is internally connected with one input disk (see (1) 
of Corollary B.9), S is internally connected with two or more input disks (see (2) 
of Corollary B.9 and Theorem B.8), and T,T' are connected. We may assume the 
respective connectivity properties because if any of 7l,S,T' ,T had an internally 
connected subtangle U which is not involved with the composition, the scalar that 
U would contribute when acting remains unchanged by the composition. Note we 
cannot compose two nontrivial internally connected tangles. 

Now if 7^ 7", T' Oj 7", S oj f is still internally connected, internally connected, 
connected respectively, then we are finished by the existence of the standard forms 
and Theorems 3.15 and B.2. In the cases of TZ and T' Oj 7", we can only get 
internally connected tangles of the standard form (1) in Corollary B.9, and once 
again. Theorems 3.15 and B.2 and (4) in Corollary 3.16 are sufficient to show the 
well-definition. 

One must treat the case S oj T more carefully, as we may create internally 
connected tangles of the standard form (1) or (2) in Corollary B.9. First, use that 
there are connected iSi, 1S2 G BP such that S = r„(iSi(— ), iS2(— )) (or op) by Theorem 
B.8. Then T is inserted into 5*1 or 5*2, so we look at 5*^ T. Now Theorems 3.15 
and B.2 and (4) in Corollary 3.16 are once again sufficient. 

C Extended positive cones 

For the bimodule planar calculus, we need to make multiplication by ook rigorous. 
We do so by generalizing the notion of an extended positive cone. 

Definition C.l. An extended positive cone is a set V together with a partial order 
<, an addition + : V xV ^ V, and a scalar multiplication ■: [Or, oor] xV^V 
such that 

Additivity axioms: 

• (Zero) There is a Oy G such that Oy + v = v + Oy = v ior all v E V. 

• (Infinity) There is an ooy G \ {0} such that v + ooy = ooy + v = ooy for all 
V eV. 

• (Associativity) vi + {v2 + fs) = {vi + V2) + V3 for all vi, ^2,^3 G V. 

• (Commutativity) f 1 + f 2 = f 2 + Vi for all f 1, f 2 G V. 
Multiplicative axioms: 

• (Unit) l]Rf = V for all v E V. 

• (Associativity) (A/i)f = A(/if) for all X, fJ^ E [Or, cxdr] and v E V. 
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• (Zero) O^v — Oy for all v eV. 

• (Infinity) Xooy — ooy for all A > 0]r. 
Distributivity: 

• (Scalars distribute) X{vi + V2) — Xvi + Xv2 for all A e [Ok, oom] and Vi, V2 G V. 

• {V distributes) (Ai + X2)v — Xiv + X2V for all Ai, A2 G [Ok, ook] and v eV. 
Partial order axioms: 

• (Non-degeneracy) Oy < a; < ooy for all x eV. 

• (Linearity) if Xi < yi for i = 0, 1 and A G [Or, oor], then Xxq + xi < Xyo + yi. 

Remark C.2. 

(1) Oy,ooy e V are unique. 

(2) If Xv = Oy, then = Oy or A = Or. 

Examples C.3. 

(1) The set [Ok, oor] with the usual ordering and the convention that Aook = 00 A = 
ook for all A e R>o and Okook = ookOk = Ok is an extended positive cone. 

(2) Let X be a nonempty set. The space of functions {/: X — >■ [Ok,oor]} is an 
extended positive cone with pointwise addition and scalar multiplication, where 
/ < if fi^) ^ g{x) for all x G X. Similarly, the space of extended positive 
measurable functions on a measure space is an extended positive cone. 

(3) If M is a von Neumann algebra, uj{M), the set of normal weights u: M"*" — )■ 
[Ok,ook], is an extended positive cone where oo^(^m) is the map which sends Om to 
Ok and all other elements of M to oor, and ip < ii (p{x) < ■ip{x) for all x G M+. 

(4) If M is a von Neumann algebra, M+ is an extended positive cone where is 
the unbounded operator affiliated to M with domain (0), and mi < 1712 if mi(0) < 
7712(0) for all G M+. 

(5) If y, W are extended positive cones, then so is F x 1^ where {vi, Wi) + {v2, W2) — 
(f 1 + f2, wi + W2), X{vi,wi) = {Xvi, Xwi), Ovxw = (Oy, Ow), oo^xw^ = (ooy, oow'), 
and {vi,wi) < {v2,W2) if vi < V2 and wi < W2- 

Definition C.4. Let V, W be extended positive cones. A function T: V is a, 

linear map (of extended positive cones) if 

• T{Xu + f ) = XTu + Tv for all u,v eV and A G [Or, ook], and 

• ii u,v eV with u <v, then Tu < Tv. 

We define a multi-linear map of extended positive cones x • • • x — > similarly. 
Examples C.5. 

(1) For a fixed scalar AG [Or, oor], multiplication by A is a map of extended positive 
cones. 
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(2) Suppose u: — )■ [Or, ook] is a normal weight. Then its unique extension to a 
normal weight uj : M + -> [Or, oor] is a map of extended positive cones. 

(3) If m G M+, then m \ uj{M) — )■ [Or, oor] given bycy? h-)- m((y9) is a map of extended 
positive cones. 

(4) Suppose C M is an inclusion of von Neumann algebras, i : — )■ M+ is the 
inclusion (well-defined by Equation (1)), and T: M+ — )■ is the unique extension 
of an operator valued weight M"*" — )■ A^+. Then i,T are maps of extended positive 
cones. 

(5) Using the notation of Appendix A, the map X+ x Y^^ — )■ X ®^ Y^^ given by 
{x, y) ^ X y is a multilinear map of extended positive cones by Lemma A. 15. 

Definition C.6. An increasing net (xj)jg/ C V converges to a; G if a; is the 
unique least upper bound for {xi)i^j. We denote this convergence by supjgjXj = x 
or Xi X. 

• V is complete if each increasing net (xj)jg/ has a unique least upper bound. 

• A map T: V ^ W is normal if Xi x implies Txi Tx. 

Remark C.7. The maps in Examples C.5 are all normal. 

Definition C.8. The dual space of V ^ denoted V* ^ is the set of all normal maps 
y [Or, cxdr]. Note that V* is a complete extended positive cone with 

(1) (A(y9 + ^)(t;) = \^[v) ^^[v] for all G y, A G [Om,oom], and v^,^ e V* , with the 
convention that Or ■ oor = Or, 

(2) Oy is the zero map. 



(4) (supig^¥?i)(t;) := supigj(/?i(t;). 

• There is a natural inclusion V — V** by x h-;- (ev^. : i— t- '^{x)). 

• The completion of V is the set of sups of increasing nets in the image of V in V**. 

Theorem C.9. Let M be a semifinite von Neumann algebra with n.f.s. trace Ttm- 
Let u){M) be the set of normal weights on M"*". 

(1) M+ is the dual extended positive cone of u{M) (the ordering on each is given in 
Examples C.3). 

(2) The map M+ 9 x H- TrM(a;-) G uj{M) is a normal isomorphism of extended 
positive cones. 

Proof. This is a rewording of Theorem 2.14 into the language of this subsection. □ 
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Definition C.IO. If T: V ^ W is a. normal map of extended positive cones, we 
get a map of dual spaces T* : W* — )■ V* by T*(0) = o T for all cj) G W*. We can 
characterize it as the unique map satisfying 

{Tiv),cp)w = ^(Tiv)) = {v,T*{ip))v 
for all V E V and ip G W. 

Proposition C.ll. Suppose N G M is an inclusion of semifinite von Neumann 
algebras with n.f.s. traces Tin, Tr^ respectively. Let i: u{N) = — M+ = u{M) 
be the inclusion, and let T : M+ — )■ be the unique extension to M+ of the unique 
trace-preserving operator valued weight. Then i,T are normal and T = i* , T* = i. 

Proof. Clearly i,T are normal. Suppose n G and m G (M+)* = M+. Then 

{i{n),m)j^ = TiM{m ■ n) = TiN{T{m) ■ n) = {n,T{m))j^, 
so T = i*. Since Tr m{itl ■ n) = TiMin ■ m), i = T*. □ 
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